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Abstract
For over a century, the mechanical behavior of cells is studied by scientists of various
disciplines. Apart from being of fundamental interest, the nontrivial mechanical responses
of cells to external stimuli are important for a multitude of pivotal physiological processes.
For example, cell migration is highly dependent on cell mechanics, but also large-scale
processes such as digestion, heart beating, and ventilation rely on specific active and
passive mechanical behavior of the cells constituting the organs.
A large variety of different mechanical responses have been identified so far. Surpris-
ingly, despite of the diversity of cell types and environmental conditions, some features
turned out to be remarkably universal. A universal feature of adherent cells that has
attracted much attention is the so-called power-law rheology, a manifestation of the ab-
sence of distinct time scales in the mechanical response. Rheological spectra and creep
responses have a power-law form. A further universal finding is that cells stiffen if they
are prestressed. This stress stiffening has been reported for various cell types and also for
crosslinked biopolymer networks. However, the universality of stress stiffening was chal-
lenged by the report of yet another universal response pattern, the fluidization response,
where cells become softer and more fluid-like in response to a transient stretch. Interest-
ingly, the apparently antagonistic responses of stiffening and fluidization can appear in the
same cell type.
In this thesis, I use an integrated approach of experiments, theory, and numerical
evaluations to show that stiffening and softening/fluidization are natural consequences
of the assumption that the cytoskeleton is mechanically essentially equivalent to a tran-
siently crosslinked biopolymer network. I perform experiments on in vitro reconstituted
actin/HMM networks and show that already these simple, inanimate systems display
fludization and shake-down, but at the same time stress stiffening. Based on the well-
established Wlc theory, I then develop a semi-phenomenological mean-field model of a
transiently crosslinked biopolymer network, which I call the inelastic glassy wormlike chain
(inelastic Gwlc). At the heart of the model is the nonlinear interplay between viscoelastic
single-polymer stiffening and inelastic softening by bond breaking. The model predictions
are in good agreement with the actin/HMM experiments.
Despite of its simplicity, the inelastic Gwlc model displays a rich phenomenology. It
reproduces the hallmarks of the mechanics of adherent cells such as power-law rheology,
stress and strain stiffening, kinematic hardening, shake-down, fludization, and recovery.
The model also may also be able to provide considerable theoretical insights into the
underlying physics. For example, using the inelastic Gwlc model, I am able to resolve the
apparent paradox between cell softening and stiffening in terms of a parameter-dependent
competition of antagonistic nonlinear microscopic mechanisms. I further shed light on the
mechanism responsible for fluidization. I identify pertinent parameters characterizing the
microstructure and give criteria for the relevance of various effects, including the effect
of catch-bonds on the network response. Finally, a way to incorporate irreversible plastic
iii
iv
flow is proposed.
Chapter 1
Introduction
“[. . . ] though they [cellular processes;
A. N.] resemble known physical
phenomena, their nature is still the
subject of much dubiety and discussion,
and neither the forms produced nor the
forces at work can yet be satisfactorily
and simply explained.”
D’Arcy Wentworth Thompson (1917)
1.1 Preface
1.1.1 The biological cell and the importance of mechanical properties
Cells are the fundamental units of organization of life (Alberts et al. (2002), p. 3). From
an operational perspective, they can be considered as a collection of functional modules,
separated from the environment by a membrane (see figure 1.1a for a sketch). Cells are
evolved organisms, existing in various shapes, differentiations and environments, but their
fundamental functioning principles have been conserved. Examples are the mechanism to
store and transcribe hereditary information, the existence far from chemical equilibrium,
or the presence of a plasma membrane (Alberts et al. (2002), pp. 4-13).
The intracellular and membrane-bound structures carry out a wide range of tasks such
as propulsion, reproduction, maintenance of cellular homeostasis, or energy conversion.
These functions are controlled by external and internal cues. So is the availability of nu-
trients a prerequisite for the growth of cell colonies, and chemoattractants can direct sperm
cells to the egg. A ubiquitous intracellular signal is the increase of calcium concentration,
that can trigger a whole range of downstream events, depending on the context (Alberts
et al. (2002), p. 861 ff). Apart from biochemical signals the mechanical environment of
the cell plays an important role for the functioning (Paszek et al., 2005; Kasza et al., 2007;
Buxboim et al., 2010). Rather obvious examples are a muscle fiber being attached to
a bone, or the movement of endothelial cell during wound healing (Trepat et al., 2009).
Slightly less obvious, but possibly related, is the observation that under certain conditions,
adhered cells adapt to the stiffness of their substrate (Discher et al., 2005). But also less
direct effects of the mechanical environment have been demonstrated, for example that
the mechanical stiffness of the substrate determines tissue growth and morphogenesis (Lo
et al., 2000; Flanagan et al., 2002; Yeung et al., 2005; Paszek et al., 2005), cell proliferation
(Hadjipanayi et al., 2009) and even stem cell differentiation (Engler et al., 2004, 2006).
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a b
Figure 1.1: The cell from two different perspectives. (a) Sketch of an animal cell with
plasma membrane and organelles (MesserWoland and Szczepan1990, derivative work: Solaris).
(b) Sketch of the eucaryotic cytoskeleton with mircrotubules (green), intermediate filaments
(blue), and actin stress fibers and cortical networks (red), by A. Kramer.
On the other hand, the mechanical properties of the cells themselves have a large
impact on their proper functioning. Obviously, the cell has to be stiff and tense enough
to withstand the forces arising during its functioning, but at the same time it has to
be sufficiently soft and flexible to perform a function (e.g. locomotion, proliferation, or
division) at all. The balancing of these two requirements has led to the notion of the
physiological sheet of mechanical stability (Wolff and Kroy, 2009). For example, it is very
intuitive that if a neutrophil trying to enter a pore in the endothelium is too stiff, it cannot
squeeze through (Lautenschla¨ger et al., 2009). Or if the cells making up large parts of our
inner organs would be an order of magnitude stiffer, heart beating and breathing would be
almost impossible. Thus, to understand how cells are able to perform whatever their duties
are in the organism, we do not only have to understand the biochemical signaling, but
also how the mechanical properties of cells come about and how they change in response
to mechanical and/or biochemical stimuli.
1.1.2 The cytoskeleton
In order to understand the mechanics of cells, it is increasingly appreciated that, micro-
scopically, the cell is not simply a single compartment of cytoplasm and some organelles,
but that evolution has designed sophisticated and highly conserved load-bearing struc-
tures. In eucaryotes, this structure is the so-called cytoskeleton (Alberts et al. (2002),
pp. 907ff). Many concepts of cytoskeletal architecture apply to both animal and plant
cells, but we focus on the animal cytoskeleton in the following.
The cytoskeleton (figure 1.1b) is often called the “bones and muscles” of the cell. This
notion emphasizes the fact that there is one single (although highly complex) integrated
scaffold in the cell that is responsible both for maintaining the structural integrity and for
cell movement and deformation. The cytoskeleton consists of three classes of filaments,
namely microtubules, intermediate filaments, and actin filaments. All cytoskeletal fila-
ments have in common that they are polymers, the monomers of which are proteins of
macromolecular weight themselves.
The building blocks of microtubules are tubulin dimers, which consist of two subunits
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(α- and β-tubulin). These dimers form linear protofilaments in such a way that the α-
subunit always attaches to the β-subunit of another dimer, giving the protofilament a
polarity. Many of these protofilaments can self-assemble in a parallel arrangement and
close to a tube, the microtubule (figure 1.2a). These tubes are long, hollow objects with
an outer diameter of about 25 nm. They are also very stiff, with a typical thermal tangent
correlation length (called persistence length lp, roughly the length over which thermal
agitations can significantly bend the polymer) on the order of millimeters at physiological
temperatures. Microtubules have a variety of functions in the cell. They serve as tracks
for cargo transport and separate chromosomes during cell division. They are also able to
bear a significant compressive load (Brangwynne et al., 2006).
The term intermediate filaments refers to a large, heterogeneous superfamily. They all
have in common that they form ropelike, apolar fibers with a diameter of about 10 nm
and are built of dimers with similar structures (Fuchs and Cleveland, 2010). Intermediate
filaments are reported to be rather flexible, with persistence lengths lp between 0.3 and
1 µm (Mu¨cke et al., 2004). Even though the functions of the intermediate filaments are
not yet well understood, there is a broad consensus that certain families (such as keratins)
impart mechanical stability to animal cells (Alberts et al., 2002; Fuchs and Cleveland,
2010). Other families (neurofilaments) have been shown to determine the axon cross
section in nerve cells (Marszalek et al., 1996).
a b
Figure 1.2: Sketch of two ubiquitous cytoskeletal polymers. (a) Microtubule made of
tubulin dimers (Adapted from Boumphreyfr (b)). (b) Actin filament made from G-actin
(Boumphreyfr, a).
Finally, actin filaments (figure 1.2b, sometimes called microfilaments) are two-stranded
helical polymers with a thickness of about 5-9 nm and a persistence length of 3 to 20 µm,
depending on the chemical conditions (Isambert et al., 1995; Steinmetz et al., 1997). The
building block is the so-called globular actin (G-actin) protein. Actin filaments (F-actin)
form many highly important structures. The arguably most prominent example is the
role of F-actin in myofilaments, the actin-myosin complex responsible for the contraction
of skeletal muscles. But F-actin is also crucial for cell propulsion by forming the lamel-
lopodium, a flat protrusion the cell pushes into the direction of motion in order to find
new adhesion sites (Alberts et al. (2002), pp. 972ff). In the cytoskeleton, actin can be
found in the actin cortex beneath the plasma membrane and in actin stress fibres. The
actin cortex is a rather homogeneous, crosslinked actin network providing the cell with
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mechanical strength while maintaining a high degree of flexibility. Stress fibers, in con-
trast, are highly tensed, contractile bundles of actin filaments (Kumar et al., 2006), which
are anchored to focal adhesion sites (Alberts et al. (2002), pp. 946ff) and are only present
if the cell is adhered on a stiff enough substrate (Yeung et al., 2005; Discher et al., 2005).
1.1.3 Experiments reveal the necessity of new theoretical concepts
As recently as 20 years ago, the linear mechanics of cells and tissue was mainly analyzed
in terms of viscoelastic spring-dashpot models (Fung, 1993) such as the Maxwell- or the
Kelvin-Voigt model (Fung (1993), pp. 41ff). However, in the last decade, evidence accumu-
lated that at least adherent cells cannot be described by such “simple” viscoelastic models.
One of the findings initiating this development was the so-called power-law rheology. First
observed for human airway smooth muscle cells (Fabry et al., 2001), it states that the
complex linear modulus of a cell depends on frequency as a weak power-law. Power-law
rheology for adherent cells is well established today (Levental et al., 2007; Trepat et al.,
2008; Hoffman and Crocker, 2009) and has been observed for many more cell types such
as, but not limited to, F9 mouse embryonic carcinoma (Fabry, 2003), TC7 African green
monkey kidney epithelial cells (Massiera et al., 2007), and human mesenchymal stem cells
(Maloney et al., 2010). The origin of power-law rheology is still under debate (see sec-
tion 1.2.3), but it is generally associated with the lack of a characteristic time scale in
the system of interest (Fabry et al., 2001; Fernandez et al., 2007; Trepat et al., 2008),
therefore it is often also called scale-free rheology. The notion of scale-free rheology has
recently been challenged by Stamenovic´ et al. (2007), who reported two distinct power
laws in the rheological spectrum of living cells. This apparent contradiction to scale-free
behavior can probably be resolved by assuming the presence of several distinct mechanical
compartments in the cell which exhibit power-law rheology with unlike exponents (Hoff-
man et al., 2006; Hoffman and Crocker, 2009), which can lead to the observation of an
artificial cross-over time scale.
Whereas for the linear mechanics of adherent cells, power-law rheology is accepted as
a universal feature, in the nonlinear mechanics a much broader range of apparently con-
tradictory phenomena are observed. For example, it was found that adherent cells stiffen
with increasing internal contractile prestress (Stamenovic´ et al., 2002; Wang et al., 2002)
and with external forces (Choquet et al., 1997; Pourati et al., 1998; Trepat et al., 2004;
Fernandez and Ott, 2008; Kollmannsberger et al., 2011). The positive correlation between
stiffness and contractile prestress may be related to the concept of tensional homeostasis
(Brown et al., 1998). In brief, it states that the forces internally generated by the cell
define an equilibrium state and are not perceived as “perturbations”. This particularly
means that the cytoskeleton will not yield or rupture under the internal forces. The stiff-
ening in response to external forces similarly has been rationalized from an evolutionary
perspective by the necessity of the cell to resist stresses. However, this interpretation
has been challenged by recent experimental studies, where it was demonstrated that it is
also a universal feature of adherent cells to respond to a large transient deformation by
fluidization, a pronounced softening in combination with an increase of the viscous part
of the response (Trepat et al., 2007; Krishnan et al., 2009; Chen et al., 2010). From these
experiments, one could conclude that these cells actually exhibit stress or strain softening.
The apparent contradiction described above constitutes the stiffening-softening paradox,
which will be revisited later in this thesis.
In addition to power-law rheology and stiffening-softening paradox, cells exhibit fea-
tures that are known from the plastic deformation of metals. It has been demonstrated
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that fibroblasts exhibit viscoelastic shakedown (Fernandez et al., 2007) and kinematic
hardening (Fernandez and Ott, 2008). Indeed, a simple set of phenomenological viscoplas-
tic constitutive equations provides a good qualitative description of experiments on single
fibroblasts on long time scales (Fernandez and Ott, 2008). These plastic features of the
mechanical response of cells are usually assumed to be caused by breaking or slipping weak
bonds in the cytoskeleton (Fernandez et al., 2007).
Apart from establishing the aforementioned effects as characteristic of cell mechanics,
a lot of interest is devoted to exploring how these phenomena change in response to certain
stimuli, e.g. to a change in temperature or substrate stiffness, or to a treatment with drugs.
For example, several groups found that many types of strongly adhering cells become stiffer
and more solid-like with increasing temperature (Petersen et al., 1982; Sato et al., 2004;
Sunyer et al., 2009). Using traction microscopy it was possible to show that stiffening
positively correlates with an increase in internal prestress, which in turn could be traced
back to an increased actomyosin contractility (Sunyer et al., 2009). In contrast to that,
other groups reported that non-adhering cells soften in response to a temperature increase
(Williamson et al., 1975; Petersen et al., 1982; Rico et al., 2010), because for these cells,
the stiffness is dominated by the crosslinker binding affinities rather than by actomyosin
activity.
Cell stiffening and increased contractility were also frequently reported to correlate with
an increase in substrate stiffness for adhering cells (Discher et al., 2005; Saez et al., 2005;
Ghibaudo et al., 2008; Byfield et al., 2009; Krishnan et al., 2010). The importance of the
relation between substrate stiffness and contractility for mechanical stability is suggested
by the observation that cells which firmly adhere under physiological conditions exhibit
strong shape oscillations following a loss of cell-substrate adhesion (Salbreux et al., 2007).
Taken together with the aforementioned stress stiffening, these observations have led to the
conclusion that cells respond to stiffer substrates with increased internal prestress (which
has to be counter-balanced by adhesions to the substrate), and which in turn is the key
parameter to determine cell stiffness. Exceptions have been reported, however (Byfield
et al., 2009; Poh et al., 2010).
A promising explanation for the mechanism of stiffness sensing was developed by Wal-
cott and Sun (2010). Using a bottom-up approach (see below), they considered a simple
model for the actin cortex together with a “friction” force exerted by adhesion complexes
and a phenomenological force-velocity relation for the myosin motors. From the interaction
of these three simple ingredients, they could reproduce much of the experimental evidence
without the need for biochemical signaling. Nevertheless, it is expected that biochemical
signaling still makes a major contribution to the response to mechanical stimuli on long
time scales.
The findings presented in this section draw a picture of a very complex and hetero-
geneous interplay of different physical and biological effects. The aim of describing them
in a simple and intuitive physical framework seems very ambitious. Nevertheless, much
progress has been achieved in this area, both in experimental techniques and in theoretical
concepts. This progress is reviewed in the following section.
1.2 Concepts in cell mechanics
1.2.1 Experimental methods in cell rheology
Today, a multitude of experimental tools are available to probe the mechanical properties
of cells. Some of these tools are briefly discussed here (see figure 1.3 for selected examples).
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The method of shear rheometry, which is usually utilized to probe in vitro reconstituted
solutions of biopolymer networks, will be discussed in more detail in section 2.2.1. As a
rough distinction, common methods applied in experimental cell rheology can be charac-
terized by their typical length scale.
Figure 1.3: Illustration of common rheological techniques. Some techniques probe the cell as
a whole (microplate rheometer, optical stretcher) whereas other techniques use tracer parti-
cles which are much smaller than the cell (passive microrheology, optical & magnetic tweezers,
magnetic twisting cytometry). Micropipette aspiration can probe at intermediate length scales
on the order of the size of cell compartments. The probing length scale of the atomic force
microscope depends on the geometry of the tip. A further distinction can be made in “passive”
and “active methods”. Passive methods rely on analyzing the thermal motion of tracer parti-
cles, which restricts the applicability to microscopic probes (passive microrheology), whereas
active methods observe the response of the cell to externally imposed stimuli (all other depicted
methods). Figure by A. Kramer.
To access local information in the cell, typically probes of micrometer size are used.
In active microrheology, the probes are subjected to an external force and the subsequent
response is measured, usually by tracking the displacement of the probes. The measured
response is then used to characterize the mechanical properties of the probed structure.
Usually, the probes are little beads of 0.5 to 10 µm diameter and are coated by extracellular
matrix proteins to assure that the beads are connected to the cytoskeleton (Wang and
Butler, 1993; Fabry et al., 2001; Kollmannsberger et al., 2011). A common technique
is to use a magnetic force to move ferro- or superparamagnetic particles, which has the
advantage that a large number of beads can be manipulated at once. If the external
magnetic field is then modulated in an oscillatory fashion and the frequency is varied,
one can obtain the frequency-dependent complex modulus from the in- and out-of-phase
part of the bead response at the respective frequency (Wang and Butler, 1993). This
is often referred to as magnetic twisting cytometry. Another possibility is to apply a
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nonperiodic, time-dependent external field to obtain the time-dependent compliance of the
probed structure (Yagi, 1961; Hiramoto, 1969; Kollmannsberger and Fabry, 2007). The
external force can also be applied by focused laser beams (“optical tweezers”) (Choquet
et al., 1997; He´non et al., 1999; Laurent et al., 2002), which have the advantage that force
and position can be controlled more accurately. However, the maximal forces that can be
applied are smaller because high laser powers can damage the cell.
Passive microrheology also utilizes beads as probes, but after suspending the beads in
or attaching them to the structure of interest, their Brownian motion is observed without
application of an external force. Typically, the mean square displacement (Gittes et al.,
1997) or two-particle correlation functions (called two-point microrheology, Crocker et al.
(2000)), and also the van Hove function (Wang et al., 2009; Toyota et al., 2011), are
computed from these random motions. If the beads are attached to the cytoskeleton, pas-
sive microrheology can be used to assess the “biological”, active cytoskeletal remodeling
dynamics (which may sound a bit counter-intuitive). In order to obtain the mechani-
cal properties of the cell from passive microrheology, it is necessary to suppress active
cytoskeletal remodeling (Hoffman et al., 2006).
A method that does not require to internalize the probe or to bind the probe to the
cell is atomic force microscopy (AFM) (Radmacher et al., 1992). It consists of a cantilever
of well-defined bending rigidity with a tip at the end to which a micron-sized bead may be
attached. The position of the cantilever can be measured with high precision. Because the
bending rigidity is known, both the force and the displacement can be monitored at the
same time. Using AFM, cell mechanics can be explored by indenting the cell (Wu et al.,
1998), or by binding the tip to the cell surface and pulling (Rico et al., 2010).
Micropipette aspiration in a way is reciprocal to the indenting AFM. For this technique,
the flattened tip of a small micropipette is brought in contact with the cell. Then, an
underpressure is applied in the pipette, and consequently a part of the cell is pulled into
the pipette (Hochmuth, 2000). For a constant pressure, the mechanical properties of the
cell determine how deep it is pulled inside. Unfortunately, a quantitative measurement of
cell stiffness heavily relies on theoretical models (Guilak et al., 2005). Today, the technique
is most often used to grab and hold cells (Hochmuth, 2000).
If one is not interested in a local resolution of the mechanical information, one can
probe whole cells. One possibilty is the microplate rheometer (Thoumine and Ott, 1997;
Fernandez and Ott, 2008), where a cell is adhered between two microplates which can
be moved relative to each other. It is also possible to probe a large amount of adherent
cells at once using a macrorheological technique by plating them on the lower plate of a
shear rheometer (Fernandez et al., 2007). A method to probe the whole-cell mechanical
response of suspended cells is the optical stretcher (Guck et al., 2001). It utilizes two
opposing laser beams that can trap a cell and, upon increasing laser power, exert a force
to the cell surface that stretches the cell along the laser axes. From the creep response to
the force step, the time-dependent compliance can be inferred. The optical stretcher is a
formidable instrument to measure the mechanical response of cells without the necessity
to make mechanical contact. The accuracy is, however, slightly limited because of the
heating of the cell during stretch (Ebert et al., 2007) and the fact that to obtain a force
profile from the laser intensity, extensive modeling is necessary and the effect of possible
changes in the refractive index of the cell and of deviations from the spherical shape are
not entirely clear.
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1.2.2 The bottom-up approach: How biopolymer networks can teach us
cell mechanics
A way to circumvent the problems arising when dealing with a highly complex entity
such as the cell is to identify functional modules, which are able to operate in isolation
(Hartwell et al., 1999; Bausch and Kroy, 2006). These functional modules can then be
assembled and studied in vitro, decomposing the task of understanding single system
with a huge amount of constituents into that of understanding various systems with a
reduced amount of complexity. Examples for the success of this approach range from
reconstituted biomimetic membrane systems (Loose and Schwille, 2009), over cytoskeletal
polymer networks (Wachsstock et al., 1994; Xu et al., 1998; Caspi et al., 1998; Gardel
et al., 2006b; Lieleg et al., 2010) and motility assays (Loisel et al., 1999; Schaller et al.,
2010) to conceptual progress in the understanding of complex in-vivo functions such as
cell adhesion (Geiger et al., 2009).
If one aims at understanding cell mechanics via this route, one has to identify func-
tional modules in the cytoskeleton, which as a whole is considered a functional module of
the cell. A natural choice for such sub-modules are the actin-, microtubule, and interme-
diate filament networks. Cell studies indicate that intermediate filaments mainly preserve
the structural integrity for large strains (Janmey, 1991), whereas the largest part of the
mechanical response is due to the actin cortex and the actin stress fibers, and that the
microtubules play a minor role (Heidemann et al., 1999; Rotsch and Radmacher, 2000;
Fernandez et al., 2007). In terms of mechanical properties, reconstituted F-actin systems
are by far the most intensively studied among the three classes of biopolymer networks,
which may be both due to the important function of actin in the cytoskeleton as well due
to its abundance. In the following, I briefly review recent progress in assembling actin
networks with cytoskeleton-like mechanical properties.
At the first glance, pure in vitro reconstituted F-actin networks do not seem to display
the same phenomenology as the cytoskeleton as a whole. At physiological temperatures for
pure F-actin solutions, it is assumed that there are no significant attractive interactions
between the filaments (in the living cytoskeleton, the attractive interactions are medi-
ated by crosslinking molecules), and the dominant type of interaction is steric of nature
(Morse, 2001; Glaser et al., 2010). In this context, the term ‘steric interaction’ simply
means that any two polymers cannot cross each other and therefore two polymers that
mutually fluctuate against each other feel an effective repulsive potential. Due to the very
small diameter of the actin filaments, excluded volume interaction can be neglected. The
existence of the steric (or “topological”) interactions in the solutions led to the prediction
of an effective tube that confines the fluctuations of the polymer into a rod-shaped region,
the average radius of which is determined by the actin concentration and the bending
stiffness of the polymer (Edwards, 1967; Semenov, 1986; Odijk, 1983; Morse, 2001). This
tube was for the first time visualized by Ka¨s et al. (1994) using video microscopy of fluo-
rescently labeled actin filaments and has more recently been analyzed with great precision
both experimentally and theoretically (Glaser et al., 2010; Wang et al., 2010).
There are indications that at subphysiological temperatures, the dominant interaction
changes. When changing temperature from 27 to 18 degrees centigrade in pure entangled
F-actin solutions, Semmrich et al. (2007) observed a transition from stress softening to
stress stiffening, which has been likened to a glass transition because of its strong univer-
sality and its relation to slow, stretched dynamics. Moreover, this transition could also
be controlled by other parameters such as actin concentration and filament length in a
strongly redundant way. This rheological redundancy might indicate that the glass tran-
sition is driven by a simple, universal mechanism that only depends on a very limited set
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of internal parameters, which in turn depend on the control parameters. A possible real-
ization for such a mechanism is an intrinsic stickiness of the actin fibers, which becomes
significant at lower temperatures and can be parametrized by a single energy barrier height
E . In the same paper, light scattering data were reported that demonstrate pronounced
logarithmic tails in the dynamic structure factor of F-actin solutions. When transformed
to a frequency-dependent modulus, this would manifest on finite frequency scales as a
weak power-law, establishing a possible contact point to the power-law rheology in cells.
More obvious than for pure entangled F-actin solutions is the relation of crosslinked
F-actin networks to cell mechanics. For in vitro reconstituted crosslinked actin (and other
biopolymer-) networks, stress stiffening is commonly reported (Gardel et al., 2004; Storm
et al., 2005; Gardel et al., 2006a; Tharmann et al., 2007; Kasza et al., 2009; Schopferer
et al., 2009; Lin et al., 2010), and the elastic modulus of prestressed crosslinked F-actin
networks can come close to the one of cells (Gardel et al., 2006b). Furthermore, power-law
rheology was reported for filamin-crosslinked F-actin networks (Gardel et al., 2006b). An
even closer resemblance to cells was achieved by adding molecular motors to filamin-A-
crosslinked F-actin networks (Koenderink et al., 2009). In certain regimes of motor activity,
the system reached cell-like stiffness without the necessity of external prestressing.
It thus seems to be a fruitful strategy to try to understand the mechanical properties of
isolated F-actin solutions and networks in order to advance our theoretical understanding
of cell mechanics.
1.2.3 Review of existing theoretical models
The Wormlike Chain
A minmal and well-established model for an isolated semiflexible polymer is the wormlike
chain (Wlc) model (Kratky and Porod, 1949; Saitoˆ et al., 1967; Doi and Edwards, 1988).
In the Wlc model, the polymer is parameterized by a continuously differentiable space-
curve r(s) with an intrinsic bending stiffness κ. It is described by the Hamiltonian
HWlc = κ
2
∫ L
0
ds
[
r′′(s)
]2
, (1.1)
where s gives the position along the polymer backbone, L is the polymer length, and
derivatives of r with respect to s are denoted by a prime (′). Additionally, the contour is
considered locally inextensible,
|r′(s)| = 1. (1.2)
As polymers are usually small enough to exhibit thermal (“Brownian”) fluctuations,
one is interested in the stochastic dynamics arising from the Hamiltonian, equation (1.1), in
the presence of thermal random forces, e.g. in the framework of a Langevin equation. The
local inextensibility, equation (1.2), introduces a strong nonlinearity, which is an essential
complication for the analytic solution of the model.
In the case that the fluctuating contour does not deviate strongly from the straight
ground state, the weakly bending rod (WBR) approximation can be applied. Parame-
terizing r by its parallel (r⊥) and longitudinal (r‖) deviations from the straight ground
state, the weakly bending condition amounts to |r′⊥|  1. Under this condition, the arc
length constraint, equation (1.2), implies that r′‖ = O(r′2⊥). Therefore, on the level of the
WBR approximation, the inextensibility constraint is automatically fulfilled if the parallel
deviations are neglected.
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We now can write down a Langevin equation solely for the transverse degrees of free-
dom, taking into account a homogeneous backbone tension f ,
ζ⊥r˙⊥(s, t) = −κr′′′′⊥ + fr′′⊥ + ξ⊥. (1.3)
Here, ζ⊥ is some effective transverse friction per unit length and ξ(s, t) is a thermal Gaus-
sian white noise (which has units of a force per length), 〈ξ(s, t)〉 = 0, and 〈ξ(s, t)ξ(s′, t′)〉 =
2ζ⊥kBTδ(t− t′)δ(s− s′).
Equation (1.3) can be solved using a mode decomposition ansatz,
r⊥(s, t) =
∞∑
n=1
an(t)Wn(s). (1.4)
For hinged boundary conditions, the eigenfunctions are given by sine functions,
Wn(s) =
√
2
L
sin(kns), (1.5)
with eigenvalues kn = npi/L belonging to the mode number n. From the properties of the
noise, it is easy to show that the eigenmodes relax independently and exponentially,
〈an(t)am(0)〉 = δnm
〈
a2n(0)
〉
exp(−t/τn), (1.6)
with the mode relaxation times
τn =
ζ⊥L4
κpi4
1
n4 + n2L2f/κpi2
≡ τL/(n4 + n2f/fL). (1.7)
The characteristic time and force scale is set by by the relaxation time τL = ζ⊥L4/κpi4
and the Euler force fL = κpi
2/L2 of the longest mode, respectively.
The Tube Model for semiflexible polymers
In solutions where no crosslinking molecules are present, and at physiological temper-
atures, the polymer-polymer interactions are dominated by the mutual impenetrability.
The polymers in the solution cannot move freely, rather they have to push other polymers
out of their way. Therefore, already calculating the equilibrium properties of an entangled
solution turns out to be a highly non-trivial many-body problem.
The mathematical complexity of the problem can be reduced if one avoids the ex-
plicit discussion of the topological constraints between all the polymers by introducing
an effective harmonic potential for a single test polymer. This effective “tube-”potential
constrains the test polymer to a tube-like cage, which can be visualized experimentally
(Ka¨s et al., 1994; Glaser et al., 2010; Wang et al., 2010).
Due to the confinement by the tube, the mean-square displacement of a contour element
of the test polymer cannot grow without bounds. Rather, after initially increasing like
τ3/4, it saturates to a plateau for longer lag times. This behavior is also reflected in the
linear elastic modulus, which saturates to the so-called plateau modulus at intermediate
frequencies. The plateau modulus scales as c ·kBTL−1e , where Le is a characteristic length
scale, the entanglement length (Morse, 2001), and c is the monomer concentration. This
plateau modulus has been frequently observed in biopolymer solutions (Xu et al., 1998;
Hinner et al., 1998; Mason et al., 2000; Luan et al., 2008), but not in adherent cells,
where usually power-law rheology is reported. An attempt to extend the tube model
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to account for slow dynamics was to take into account that the surrounding tube is not
static, but that it is fluctuating itself (Kroy and Frey, 2000). The dynamic tube leads to
an algebraic slowdown. However, despite some quantitative improvement, this approach
failed to reproduce power-law behavior. Finally, for very long times or very low frequencies,
the tube is not stable (due to reptation or similar relaxation mechanisms) and a terminal
relaxation pattern emerges.
An extension of the tube model to nonlinear deformations is provided by the nonlinear
tube model (Morse, 1999; Fernandez et al., 2009). Using an affinity assumption, it considers
a trade-off in the free energy between the “entropic” confinement contributions and the
“enthalpic” contributions from tube bending. In the case of freely sliding polymer-polymer
contacts, it predicts a broad linear regime and a pronounced softening response for large
strains, which bears similarities to the fluidization response already mentioned before. In
the presence of particular geometric configurations known as hairpins, it also predicts a
weak stiffening. This stiffening, however, is much weaker than usually seen in biopolymer
networks. To introduce a stronger stiffening, one would have to give up the assumption of
a purely topological interaction and instead assume some kind of friction between sliding
filaments. Therefore, the tube model, whether linear or nonlinear, seems to resolve a part
of the puzzle, and it probably has to be combined with other models in the future for a
comprehensive description of the mechanics of biopolymer networks.
The affine network model
Assuming a permanently crosslinked network with average crosslink distance Λ along a
filament, and further assuming affine deformations down to this scale, the calculated low-
frequency mechanical modulus of the system exhibits a plateau. The plateau modulus is
determined by the mechanical response of a Wlc of length Λ and scales as kBTΛ
−3 (Gittes
et al. (1997), note the stronger dependence on the characteristic length as compared to
the tube model). On the scaling level, an estimate for the high-frequency response can be
obtained by replacing the length Λ by the time-dependent transverse equilibration length
of a Wlc, l(t) ∝ t1/4, evaluated at t→ iω, yielding a frequency dependence of ω3/4.
From the assumed permanent nature of the crosslinks and the force-extension relation
of an inextensible Wlc, which translates into a stiffening with exponent 3/2 (Marko and
Siggia, 1995), one easily understands that the affine network model predicts a strain or
stress stiffening and precludes a softening response.
I note that despite the fact that alternatives for deriving macroscopic rheology from
microscopic models remain elusive, the validity of the affinity assumption is under debate.
In particular, bending dominated regimes (Wilhelm and Frey, 1996; Head et al., 2003; Kim
et al., 2009) as well as the comparably large thermal fluctuations in biopolymer networks
(Huisman et al., 2010) can lead to non-affinities. Still, simulations indicate that at large
prestrains, only a fraction of polymers contributes to the mechanical response and that this
substructure behaves largely affinely (Kim et al., 2009) and that the bending non-affinities
are dynamically suppressed (Huisman et al., 2010).
Soft Glassy Rheology
Soft Glassy Rheology (Sgr) is a model originally proposed by Sollich et al. (1997) to
generically describe the dynamics of soft glassy materials such as slurries, pastes, and
foams. The central idea is that unspecified structural elements are situated in a disordered,
rough energy landscape with exponentially distributed energy barrier heights. Further, it
is assumed that thermal activation is insufficient to overcome the large energy barriers,
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and structural rearrangements (“activated yield processes”) have to be powered by some
other source at an effective noise temperature x. This non-thermal noise, the nature of
which remains mysterious in the context of passive materials, has to be related to the
structural disorder of the material. The Sgr model displays a glass transition for x→ 1+
and power-law rheology with exponent x− 1 for 1 < x < 2.
The discovery of weak power-law rheology in cells has led Fabry et al. (2001) to the
postulate that cells are actually soft glassy materials with noise temperatures slightly
larger than one. In the context of cell mechanics, it seems natural to identify the source of
the non-thermal noise driving the activated yield processes in Sgr with the fluctuations
caused by stochastic release of chemical energy in the cell. The highly disordered energy
landscape can arise from the intrinsic structural stochasticity of the cytoskeleton as well
as from the high variability of crosslinking molecules (Alberts et al., 2002). Therefore, the
Sgr model seems to be more natural in the context of cell mechanics than for inanimate
matter, where the active energy source is lacking.
On the other hand, the generality of Sgr can partly be considered a drawback. Even
though Sgr can faithfully reproduce many features of cell mechanics, it is neither possible
to make statements about the nature of the structural elements nor to pin down the
origin of the exponential distribution of energy barriers. Therefore, apart from the fact
that trapping in energy barriers has to be involved somehow, Sgr does not really help to
understand the mechanisms underlying cell mechanics.
In cell-mechanical studies, power-law rheology, together with the relation between loss
and storage modulus imposed by the Kramers-Kronig relations, is also often referred to as
the structural damping law (Fabry et al., 2001; Trepat et al., 2008). The term “structural
damping” was originally coined to emphasize that the modulus is not simply a parallel sum
of an elastic element and a viscous background. This behavior is faithfully reproduced by
Sgr (which is, as an aside, also the case for realistic viscoelastic models of e.g. polymer
solutions). Moreover, the Sgr model predicts a fluidization effect in response to transient
shear, which is also observed experimentally in cells (Trepat et al., 2007). However, here
it only correctly predicts the change in storage modulus, whereas it wrongly predicts the
sign of the change in loss modulus. Therefore, not only the predictive power of the model,
but also the actual agreement of its predictions with observations is somewhat limited.
The Glassy Wormlike Chain
Already with the discovery of power-law rheology, it was speculated that the slow dynamics
is caused by some kind of dissipation or friction between polymers (Fabry et al., 2001).
The glassy wormlike chain (Gwlc) is a phenomenological implementation of this idea.
It is an extension of the Wlc, where the friction or “stickiness” between polymers is
phenomenologically represented by a stretched mode relaxation spectrum of a test polymer
(Kroy and Glaser, 2007; Glaser et al., 2008). The Gwlc has the advantage of being semi-
microscopic in the sense that it is based on the Wlc. A shortcoming is, however, that
the influence of the stickiness on the relaxation spectrum has not yet been microscopically
derived.
The intuitive — albeit not fully microscopic — picture underlying the formulation of
the Gwlc is that of a test polymer reversibly bound to the background network via local-
ized sticky points at (some of the) topological contacts, the so-called entanglement points
(see also figure 3.1). Consider now a generic point somewhere along the polymer backbone
(not an entanglement point). Undulations at this point can relax freely until the contacts
are being felt, which slow down the contributions from long wavelength bending modes.
The Gwlc translates this intuition into a simple prescription for the mode spectrum:
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Figure 1.4: Mean-square displacement (a) and elastic (b, dashed line) and loss (b, dot-dashed
line) microscopic modulus of the Gwlc for E = 20.
the short-wavelength modes are directly taken over from the wormlike chain model, while
modes of wavelength λn longer than the typical contour length Λ between adjacent bonds
are modified to account for the slowdown. The slowdown of the relaxation of a wavelength
λn is expressed by an Arrhenius factor exp [E (λn/Λ− 1)] for breaking (λn/Λ−1) potential
energy barriers of height E simultaneously. Accordingly, the phenomenological recipe to
turn a Wlc into a Gwlc reads:
τn → τ˜n =
{
τn λn < Λ
τn exp [E(λn/Λ− 1)] λn ≥ Λ . (1.8)
Comparable phenomenological considerations have recently been used by Broedersz et al.
(2010) to motivate a conceptually similar, but mathematically distinct model (see below).
The stretching of the Wlc relaxation times can be seen in the observables of the
Gwlc (e.g. susceptiblities or the mean square displacement), which can be obtained from
observables of the Wlc by the replacement rule (1.8). It manifests itself in a logarithmic
intermediate asymptotic regime in the mean square displacement (figure 1.4a), which can
extend over many decades in time and is most impressively confirmed by light-scattering
experiments in pure actin solutions (Semmrich et al., 2007). For the complex microscopic
modulus g, the same mathematical structure shows up as a broad logarithmic regime
at low frequencies, which on finite frequency is indistinguishable from a weak power law
(figure 1.4b). For asymptotically large energy barriers E , the power-law exponent is given
by 3/E (Semmrich et al. (2007), supplement). At high frequencies, the short-wavelength
modes dominate and the exponent 3/4 of a free wormlike chain is recovered. Note that
the Gwlc by construction fulfills the Kramers-Kronig relations and therefore is consistent
with the structural damping law (Fredberg and Stamenovic, 1989; Maksym et al., 2000).
We will come back to the Gwlc when inelastic bond breaking is introduced in chapter 3.
Crosslink Governed Dynamics
The idea that crosslinks in the network prevent wavelengths longer that the average
crosslink distance Λ to relax, which already motivated the Gwlc, was picked up by
Broedersz et al. (2010) to formulate an effective energy function for what they called
the cross-link governed dynamics (Cgd). For their approximation to be valid, they have
to assume a strong time-scale separation τeq  τon  τoff between the equilibration time
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τeq for the free modes between the crosslinks, the average time τoff between two unbinding
events at one crosslinking site, and the average time τon for an unbound site to form a new
bond.
Given this time-scale separation, the segments between crosslinks are always in ther-
mal equilibrium on time scales ≤ τoff . Moreover, simultaneous unbinding of neighbor-
ing crosslinks can be neglected. The physical picture is now that the equilibrated seg-
ments between crosslinks behave as entropic springs with the Wlc stretch modulus µth ∼
κ2/Λ3kBT (MacKintosh et al., 1995). An effective coarse-grained energy function is given
by
HCG =
1
Λ
∑
n
[κ
2
|∆tn|2 + µth
2
(|∆rn| − Λ)2
]
. (1.9)
Here, the index n runs over all crosslinking points along the test polymer. For each
crosslinking time, the constraint is released with an average (identically and independently
distributed) waiting time τoff . Due to the assumption τeq  τon, the neighboring segments
equilibrate before the site is rebound (at another position, in general). Moreover, because
of τon  τoff , both equilibration and rebinding can be considered as instantaneous and the
effective segment length Λ is constant.
The main prediction of this model (obtained by Monte-Carlo simulation and an approx-
imate analytical solution (Broedersz et al., 2010)) is an asymptotic power-law behavior of
the power-spectral density of C(ω) = 〈|δl|2〉 ∼ ω−3/2 of the extension of the test polymer
at low frequencies. Using an affinity assumption, this translates into a ω1/2 behavior of
the shear modulus. So far, this prediction has been confirmed for the shear modulus of
α-actinin-crosslinked actin solutions at three different crosslinker ratios.
Even though the model is based on an intuitive physical picture, it is questionable
whether this interpretation can be taken literally, because the linear regime for the exten-
sion of a Wlc is very narrow. However, the harmonic springs, leading to the characteristic
ω1/2 behavior, may be realized by a different physical mechanism.
The paper of Broedersz et al. (2010) leaves open an important question concerning
the robustness of the exponent 1/2. The authors report that if they artificially change
the stretching modulus µth to some much smaller value µ, then an exponent of 3/4 is
recovered. To the attentive reader, this claim might not come as a surprise, since for µth
small with respect to κ equation (1.9) describes a “discrete Wlc” with bending modulus
κ and monomer length Λ.
The model of Broedersz et al. (2010) does not allow for a dependence of the power-law
exponent on the bond energy scale. This is so because the only energy scale present is
set to kBT by choice of µ = µth. Compared to the Gwlc, I note that if in the Gwlc
E is artificially set to one, an approximately constant power-law exponent is obtained
over a finite frequency interval. However, the exponent is inconsistent with 1/2 and the
Gwlc therefore seems to be incapable of accounting for this kind of “anomalous” terminal
relaxation behavior.
Other models
Many further models for cell or biopolymer mechanics exist, each of which has its own pre-
and disadvantages. The most popular paradigm in cell mechanics for the last two decades
or so has been a model that is purely structural and makes no reference to the microscopic
stochastic dynamics, the so-called tensegrity model (Ingber, 2003). “Tensegrity” is a
made-up word, coined by the architect R. Buckminster Fuller (1961), and is derived from
“tension” and “integrity”. Tensegrity systems are self-stabilizing by a counter-play of
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structures that bear compressive (“bars”) and others that bear extensive load (“ropes”)
(Ingber, 2003). In these systems, stability is mainly achieved by pre-stressing the system.
In the context of cell mechanics, microtubules are known to bear significant compressive
loads (the “bars”), and actin or intermediate filaments could act as “ropes”. The tensegrity
model correctly predicts the linear prestress-stiffening behavior of cells as discussed in
section 1.1.3. Yet, as a static theory, it cannot easily incorporate thermal fluctuations
and transient bonds. In fact, the breaking of a bond in a tensegrity structure should be
expected to result in a sudden dramatic collapse of the structure not commonly observed
in cells.
There are also attempts to explain weak power-law behavior in terms of the equilibra-
tion of a nonlinear elastic chain under an external force perturbation (Rosenblatt et al.,
2006; Majumdar et al., 2008). However, the power-law exponents obtained are much larger
than commonly observed in biopolymer networks and cells. Moreover, tension propagation
along a polymer takes place on very short time scales (Hallatschek et al., 2007).
1.3 Summary
Much has been achieved in cell mechanics during the last decades. Nevertheless, we
are just beginning to understand the mechanisms governing the mechanical behavior of
cells and most mathematical models are either very limited in scope or predominantly
phenomenological, or both. For example, the origin of weak power-law rheology in cell
mechanics is still mysterious, even though the right path might be traced out by physical
explanations such as Sgr, Gwlc, and Cgd.
In this work, I concentrate on the continuation of some of the above ideas, namely that
the presence of weak transient bonds is at the heart of many of the observed phenomena.
Until recently, thorough studies on the effect of a dynamical bond network on the present
viscoelastic models are still lacking. This thesis aims at closing this gap.
First, the expectation is experimentally supported that bond-breaking effects, such
as fluidization and shake down, are not peculiar to cells, but can also be observed in
much simpler in-vitro polymerized crosslinked biopolymer networks (chapter 2). Chap-
ter 3 introduces a phenomenological model for a polymeric material vulnerable to the
transient breaking of bonds (section 3.2-3.3). Then, we semi-quantitatively explore how a
dynamic bond network can cause nonmonotonic linear rheology (section 3.3.3), fluidization
(section 3.4.3), shake down (section 3.4.4), and apparently plastic effects (section 3.4.5).
Furthermore, some conceptually and practically important extensions to the model are
proposed (section 3.5).
All these predictions are based on a non-equilibrium version of the equilibrium Gwlc
model. The theoretical discussion is not concerned with demonstrating the phenomeno-
logical success of the equilibrium version of the model, which is well documented in the
literature (Semmrich et al., 2007; Glaser et al., 2008), but focuses on the extension of this
model to nonequilibrium situations. While the original model is in the first place essentially
a feasible parametrization of the observed slow stretched dynamics of cells and biopolymer
networks, the nonequilbrium version of the Gwlc, the so-called inelastic Gwlc developed
and analyzed in this treatise, has considerably more predictive power. Its rich predictions
are far from obvious from its design and emerge from a complex and highly nonlinear
interplay between the slow viscoelastic network dynamics that is so well captured by the
original Gwlc and the very mechanism of bond breaking that is actually not explic-
itly contained in the original model (although it motivated its construction). Wherever
possible, I accompany numerical evaluations of the full model by analytically tractable
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approximations to provide further physical insight. This approach leads, amongst others,
to the derivation of analytical constitutive equations for a “bond-breaking material” at
intermediate time scales (section 3.4.5).
Chapter 2
Experiments
“[. . . ] Both this theoretical concept and
actual observations on fixed and stained
material indicated the presence in
protoplasm of a structure [. . . ]
consisting of a meshwork or
entanglement of fibers, forming a
three-dimensional net or sponge.”
William Seifriz (1935).
2.1 Introduction
The main hypothesis of this work is that of cell mechanics can be understood surpris-
ingly well in terms of generic physical mechanisms and can be rationalized by analogy to
reconstituted biopolymer networks. Promising support for this proposition has already
been mentioned in chapter 1, e.g. the stress- or strain stiffening behavior of actin net-
works (Gardel et al., 2004; Storm et al., 2005; Tharmann et al., 2007; Semmrich et al.,
2007). Another prominent effect is the fluidization response and the subsequent recovery
observed in adherent cells (Trepat et al., 2007). The theoretical model we develop and
discuss in chapter 3 predicts that fluidization is a generic signature of breaking and re-
forming weak bonds and should therefore also be observable in reconstituted crosslinked
F-actin networks.
To test this assumption, I performed shear rheometry (see section 2.2.1) with in-vitro
reconstituted F-actin networks, which were crosslinked by Heavy-Mero-Myosin (HMM).
HMM is a fragment of the myosin II motor. In its rigor state, it crosslinks F-actin into
homogeneous networks (Lieleg et al., 2010), which should be ideally suited to be described
by a mean-field approach as described in chapter 3.
I applied two kinds of experimental protocols. One protocol consisted of large transient
deformations of various amplitudes. These were followed by small oscillations at a fixed
frequency to monitor the changes in mechanical properties induced by the pulse and their
subsequent recovery. As a second protocol, large oscillatory loading was applied (see sec-
tion 2.2.2). The data are presented and analyzed in section 2.3, and a critical discussion is
provided in section 2.4. All experiments were performed in the laboratory of Prof. Andreas
Bausch, Physik Department E 27, TU Munich, Munich, Germany.
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2.2 Methods
2.2.1 Experimental setup and actin preparation
B
B
BBN
water
B
B
B
B
BN
sample
Figure 2.1: Sketch of the experimental setup. The rheometer (center) is connected to a PC
for controlling and data acquisition. The sample is sheared between a bottom plate and a
rotatable cylinder with a flat tip (close-up in the upper right and sketch in the lower right
corner). A custom-built ring with a water-filled grove is used to minimize evaporation of the
sample. For some experiments, the shear cone was also covered with oil to further minimize
evaporation (not depicted).
I used a commercial AR G2 shear rheometer (TA Instruments, New Castle, USA)
with built-in Peltier element for temperature control in cone-plate geometry. The cone
of D = 40 mm diameter had an angle of θ = 1
◦
. The zero gap was set to 300 µm.
Instrument control and data acquisition were done from a PC using the vendor-supplied
software package. For the large oscillatory measurements, raw data (tilting angle Ω and
torque$) were read out using a custom-made script. From the geometry defined above, the
conversion factors to stress σ and strain γ are calculated to σ ≈ 3$/pi(D/2)−3 ≈ 1.2×105$
and γ = D/2 tan(θ)Ω ≈ 57.3Ω. For simplicity, I assumed constant stress and strain fields.
This assumption should be approximately fulfilled in cone-plate geometry. For a sketch of
the setup, see figure 2.1.
Calibrations of the rheometer were performed prior to the first measurement and after
the rheometer had been turned off or parts of the shear cell had been manipulated. For
calibration, a geometry inertia determination and a rotational plate mapping were per-
formed. Before and after a sample was measured, both the bottom plate and the cone
were cleaned extensively using distilled water and rinsing agent.
Actin, HMM, and all chemicals were kindly provided by the Bausch lab. The prepara-
tion of G-actin and HMM from rabbit skeletal muscle was described previously by Spudich
and Watt (1971) and Uhde et al. (2004), respectively. G-actin was polymerized by adding
10 Vol.% 10×F-buffer (20 mMTris, 20 mMMg Cl2, 2 mMCaCl2, 1 MKCl, and 2 mMDTT,
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Figure 2.2: Exemplary polymerization curve for an actin (mass) concentration of cA =
0.4 mg/ml and a crosslinker ratio R ≡ cHMM/cA of R = 0.04.
pH 7.5). The sample was mixed gently by a pipette. To minimize filament breaking,
the radius of the pipette opening was increased by cutting off the tip. After inserting
the sample into the shear cell, the stiffness was measured by small oscillations at a fixed
frequency for up to three hours to monitor polymerization progress and determine the
point of ATP-depletion. At the point of ATP depletion, the HMM molecules enter the
rigor state, leading to a strong shoulder in the time-dependent stiffness (see figure 2.2 for
an exemplary curve). After appearance of the ATP-depletion shoulder the measurement
protocols (see below) were applied.
2.2.2 Experimental protocols
According to theoretical predictions (see section 3.4.3), a transiently crosslinked biopoly-
mer network responds to an isolated strain pulse by a decrease in the storage modulus
and an increase in the loss angle (“fluidization”). To test this prediction, I subjected the
sample to trinagular strain pulses of various amplitudes (figure 2.3). For a given strain
amplitude γ0 and a duration 2t0, a pulse was constructed by applying a constant shear
rate of γ˙ = γ0/t0 over a time t0 and then applying a rate of γ˙ = −γ0/t0 over the same time.
For the experiments presented below, the duration of a pulse was 2t0 = 4min. To check
for possible artifacts arising from the pulse shape, I modified the protocol such that the
strain is kept constant before strain reversal (i.e. using a trapezoid instead of a triangular
pulse). This did not qualitatively alter the response (data not shown).
For a given sample, repeated pulses of varying amplitude were applied (figure 2.3),
with waiting times between the pulses ranging from 20 to 60 minutes. During the waiting
times, the stiffness was measured by applying small oscillations at a frequency of 1 Hz and
an amplitude of 1%.
A drawback of the pulsed loading is that one does not have access to the mechanical
state of the network during the pulses. This problem can be circumvented by applying
nonlinear strain oscillations. For not too large amplitudes, one can follow the gradual
shake-down caused by the nonlinear oscillations by evaluating the stress-strain curves.
Note that this protocol only provides access to nonlinear stiffness measures. The nonlinear
experiments consisted of a polymerization phase of 2 hours, where linear rheology was
probed with oscillations of 1 % strain at 1 Hz. Then, nonlinear oscillations were applied at
low frequency (0.025 Hz) to minimize potential inertia artifacts. For about 30 subsequent
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Figure 2.3: Sketch of the experimental protocol for pulsed loading.
cycles, oscillations of a fixed large amplitude were applied (see figure 2.7). Then, the
amplitude was automatically increased by the rheometer and kept constant for further 30
cycles, and so on.
A possible source of errors for this protocol lies in the imperfection of the rheometer
control software. The timing was not very exact, so that the amplitude switch (setting
the strain to zero and starting oscillations with new amplitude) was often initiated before
the last cycle of the previous series was completed. However, this does not seem to have
a large impact on the response (see figure 2.7).
2.3 Results
2.3.1 Transient displacement pulse
Discussion of the unprocessed data
In general, the linear moduli exhibited a high degree of sample-to-sample variability and
were often not stable over time, even in the absence of external mechanical stimuli (see
figure 2.4a). This variability was also present in the response of the moduli to a transient
shear pulse (for an examplary curve, see figure 2.4b).
Ensuing the pulses, the elastic shear modulus is lower than before and subsequently
recovers (figure 2.4b). The same behavior is displayed by the loss modulus, but less pro-
nounced (data not shown). As a consequence, the loss angle δ = arctan(G′′/G′) increases
following a transient shear pulse and then slowly decreases again (figure 2.4b, inset). Thus,
the qualitative features of fluidization (Trepat et al., 2007) are present. However, there
seem to be several processes influencing the moduli at the same time, some of which ap-
pear to be independent of the pulses. The signature of these processes is an approximately
linear increase or decrease in the moduli which is present before and long after a shear
(figure 2.4).
Not much is known about the nature of these non-shear-induced (NSI) processes. A
large part of the NSI increase is probably caused by evaporation of water from the sample,
which leads to a stiffening and solidification. I tried to minimize evaporation by surround-
ing the sample in the rheometer by a covered water reservoir (see section 2.2.1) and for
long measurements I even used oil to “seal” the shear cell. Still, a residual amount of
evaporation can be expected. Another candidate for the NSI increase is a possible on-
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Figure 2.4: Time evolution of the elastic shear modulus during polymerization (a, condi-
tions are cA = 0.4 mg/ml, R = 0.05 for different samples (red, blue, gray) and cA = 0.4
mg/ml, R = 0.2 (green)) and following transient shear pulses according to section 2.2.2 (b,
conditions are cA = 0.4 mg/ml, R = 0.02). Application of shear is indicated by black arrows
(10%, 20%, 20%, 30%, 30% strain from left to right). Inset: Time-dependence of the loss angle
δ for the same experiment as in the main graph. The pronounced shoulders are an indication
for ATP depletion, where the HMM molecules enter the rigor state.
going polymerization of the actin. However, one would expect that polymerization and
treadmilling should stop after ATP-depletion.
An effect related to polymerization that does not require ATP is actin annealing (Weg-
ner and Savko, 1982; Cooper et al., 1983; Murphy et al., 1988). Spontaneous actin an-
nealing is a process where two filaments combine end-to-end to a single, longer filament.
In the case that polymers can diffuse freely, annealing is reported to cause an exponen-
tial relaxation of the number concentration of polymers to a steady-state value with time
constants on the order of seconds (Kinosian et al., 1993). This quick, exponential process
is clearly inconsistent with the NSI increase. On the other hand, it has been hypothe-
sized that in the case of suppressed polymer diffusion, spontaneous actin annealing can
show zeroth-order kinetics (i.e. the annealing rate is independent of the polymer number
concentration) over several minutes (Murphy et al., 1988). This would lead to a linear
increase in the mean filament length and could explain the approximately linear stiffness
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increase.
The NSI decrease is less frequently observed and might be caused by spontaneous
disassembly or fractioning of actin filaments. Alternatively, networks could be in an ener-
getically suboptimal state after polymerization and could slowly relax to the equilibrium
state. Finally, artifacts arising from external disturbances cannot be ruled out. Possibly
related to the gradual NSI decrease is the observation that often, the moduli do not recover
their pre-shear values after the pulse (data not shown). If, e.g., the network is trapped
in an energetically disadvantageous state, the strain pulse could induce a transition to a
more favorable state.
Of the datasets acquired for this protocol, the data for two samples were discarded and
not included in the analysis. For one sample, the modulus showed enormous fluctuations
in either direction. This could be indicative of a very strong NSI process dominating the
phenomenology and/or of a failure of the control software to propperly apply the protocol.
For the second sample, the waiting time between two pulses was chosen too short, so
that no useful information about the recovery could be extracted. Moreover, four single
relaxation curves were discarded. For two of these, the rheometer applied a step strain
instead of a transient pulse. For the other two, the pulse was applied before ATP-depletion
was reached, and the recovery therefore interfered with the stiffness increase due to HMM
entering the rigor state.
Fluidization response to transient shear
In order to obtain comparable data sets, I have to correct for the sample-to-sample vari-
ability of the moduli as well as the NSI changes and the imperfect recovery discussed in
the previous section. As a pragmatic way to correct for all the effects at once, a linear
function fl(t) = b+ S · t with slope S was fitted to the linear part of each recovery curve.
For the linear fit, data with delay times larger than ≈13 minutes were considered, where
all curves were linear to a very good approximation. The histogram of slopes (see fig-
ure A.1) is strongly peaked around zero and biased towards positive slopes (74% positive,
26% negative). Then, the recovery curve was divided by this function (see figure 2.5 for
an example), defining a normalized modulus G′n
G′n(t) ≡ G′(t)/fl(t). (2.1)
The normalized loss angle δn was defined accordingly. Alternatively, one could have sub-
tracted S · t from the data and normalized the resulting curve by a suitable value. For all
practical purposes, both procedures lead to identical dynamical behavior of the normalized
curves. The advantage of the procedure chosen here is that the curves are automatically
normalized to the mean value of the resulting plateau.
A subtle point about this procedure is that the curves are normalized to the value the
modulus would recover to in the absence of NSI and plastic processes, and not to the value
the modulus had before the shear pulse. This is because we assumed the slow changes
in the moduli to arise from different processes than the transient bond breaking we are
interested in. It goes without saying that the slow effects also deserve a thorough study,
which is, however, beyond the scope of this work.
Using the normalization procedure described above, we can compare and average dif-
ferent data sets. I have measured the response to transient shear for various actin- and
crosslinker concentrations, temperatures, and strain amplitudes (see table A.1). Qualita-
tively, it can be said that the decrease in the moduli is larger for larger strain amplitude.
This statement seems to be valid irrespective of the other parameters.
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Figure 2.5: Recovery of the elastic modulus after a transient shear pulse. (a) Unnormalized
data (solid red line) together with a linear fit of the last 2/3 of curve (blue dashed line). (b)
Division of the unnormalized data by the fitted linear function yields the normalized data (red
line). Conditions were cA = 0.4 mg/ml, R = 0.02, and γ0 = 20%.
In order to obtain more precise conclusion, we have to pool the experimental data over
several experimental conditions to obtain reasonable statistics. Fairly good statistics can
be obtained by focusing on the effect of the strain and pooling over all other conditions
(see table A.1). For all other parameters, only few measurements are available, which are
not amenable to a quantitative analysis.
The averaged data for 10% and 30% strain amplitude are shown in figure 2.6 (symbols).
Upon visual inspection, one notices that an artifact still seems to be present in the data.
The fluctuations around the mean curves appear to be modulated by an oscillation with a
period of about two minutes. This is particularly evident for the loss angle (figure 2.6b).
Interestingly, the error bars in the plots can be much smaller than the overall scatter of the
data. This could be an indication that fluctuations around the mean curves are performed
by all samples in an orchestrated fashion. Indeed, the oscillations can be observed in many
sinlge data sets. The overall impression is that in addition to the “usual” noise, there is
an interference of fast oscillations of similar frequency, leading to a beat. The reason for
this effect is probably an artifact of the rheometer or some external perturbation. Up to
now, the source of these artifacts has not been identified.
The statistical analysis was performed using standard sample statistics, namely the
sample mean and standard error. To the normalized recovery curves, an exponential
function,
f(t; a, τr) = 1− e−t/τr(1− a). (2.2)
was fitted (figure 2.6). The choice of an exponential function is motivated by theoretical
arguments (see section 3.4.3), which rely on the exponential relaxation of the fraction of
closed bonds in the network (see section 3.2). The fit parameters have an obvious physical
interpretation. The value of τr represents the characteristic relaxation time of the curve,
whereas a stands for the value of the normalized quantity considered (the stiffness or the
loss angle) immediately after the pulse.
The statistics of the fit parameters were obtained using a (Monte-Carlo resampling)
bootstrapping method. Given a data set of size N , new random samples were generated
by drawing with replacement N values from the data set for each time step. Then, the
sample mean of the random samples was taken. 1000 of these resampled mean curves were
created and fitted with equation (2.2), resulting in an approximation to the distribution of
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parameters of the mean curve. All generated distributions resembled Gauss curves, except
the distributions for for the value δ0 of the loss angle immediately after the pulse and the
relaxation time τ δr of the loss angle at 10% strain amplitude. For this particular situation,
the spread in the original data was larger than the fluidization effect (if any) and sensible
fitting of equation (2.2) was not possible. An overview over the mean parameter values
and the respective standard errors is given in table 2.1.
For the strain amplitude values 10%, 20%, 30%, a significant decrease in the elastic
modulus immediately after the shear pulse is observed (p < 1.1× 10−6, p < 3× 10−7, and
p < 6 × 10−7, respectively, using unpaired Student’s T-test with the null hypothesis of
Gn = 1 after the shear pulse). For 30 % strain, a significantly larger decrease in G
′
n than
for 10 % shear is found (p < 3.1× 10−3 for the null hypothesis that the mean decrease is
equal for both amplitudes). The relaxation time for 10 % strain is markedly smaller than
for 30 %. This is a priori maybe unexpected, but it is actually predicted by theoretical
modeling, see section 3.4.3.
strain amplitude G¯0 σ
G
G0
δ¯0 σ
δ
δ0
τ¯Gr /s σ
G
τr/s τ¯
δ
r /s σ
δ
τr/s
10 % 0.93 0.005 1.05 0.01 240 20 90† 40†
20 % 0.87 0.007 1.13 0.03 290 10 250 90
30 % 0.85 0.006 1.14 0.01 300 10 330 40
Table 2.1: Mean values and standard errors for the value of G′n and δn immediately after
the shear pulse and of the characteristic times τGr and τ
δ
r of the subsequent relaxations, re-
spectively. †Due to a systematic artifact, the informative value of the fit paramters for the
10%-data of the loss angle is very questionable (see main text).
For the loss angle δ = arctan(G′′/G′), the relative fluctuations are much larger and
the data are therefore less conclusive (figure 2.6b). A small increase following a shear
pulse could be observed for 10% strain amplitude. This increase is significant according
to the Student’s T-test (p < 0.004). However, the amplitude of the effect is within the
variability of oscillatory artifact discussed above. Therefore, it cannot be concluded that
the difference is related to the shear pulse. This of course implies that also about a
relaxation time no conclusive statement can be made (see figure 2.6b and table 2.1). For
20% and 30% strain, a significant increase in δ is observed (p < 9×10−3 and p < 3×10−4),
followed by a relaxation with a time constant consistent with the relaxation of G′n, and
the amplitude of the increase is larger than the spread due to the artifact.
In summary, we find typical signatures of a fluidization response to transient strain in
reconstituted actin-HMM networks. We find a decrease in the storage modulus and an in-
crease in the loss angle (Trepat et al., 2007), followed by a relaxation. The observed effects
become more pronounced with increasing strain amplitude. For the smallest amplitude
(10 %), an increase in the loss angle could not unambiguously be verified, but the data are
at least consistent with this scenario. The relaxation times for the higher amplitudes (20%
and 30%) agree within one standard error. For the 10% amplitude, only the relaxation
time of Gn could reliably be extracted. It turned out to be lower than the times for the
high amplitudes.
2.3.2 Large oscillations
A way to probe and at the same time alter the mechanical properties of a material is to
apply oscillations in the nonlinear regime (figure 2.7, see also section 2.2.2). Apart from
the fact that the response indeed becomes nonlinear for large strain amplitudes, a first,
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Figure 2.6: Main graphs: Recovery of the normalized elastic modulus (a) and the normalized
loss angle (b) after a transient shear pulse of 10% (blue symbols) and 30% (red symbols)
percent amplitude, pooled over all other experimental parameters. The solid lines represent
least-squares fits of the function 2.2 to the data (see table 2.1). Error bars are standard
errors. Insets: Logarithmic plot of 1 − G′n(t) (a) and δn(t) − 1 (b) and the correspondingly
transformed fit functions. The shaded regions are bounded by 1− f(t; G¯0 ± 2σGG0 , τ¯Gr ± 2σGτr )
(a) and f(t; δ¯0 ± 2σδδ0 , τ¯ δr ± 2σδτr )− 1 (b) with the parameters from table 2.1, respectively. For
sake of clarity, the data for 20% strain amplitude are not shown.
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Figure 2.7: Oscillatory shear driving (blue curve) causes a nonlinear response in the stress
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linearity gets more pronounced. When driving several cycles with the same amplitude, the
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Figure 2.8: Stress-strain curves for nonlinear oscillations of moderate (10 % strain amplitude,
a) and higher (20 % strain amplitude, b) driving amplitude. Other conditions as in figure 2.9.
“visual”, analysis of the data yields two important observations. First, the amplitude of
the stress response increases stronger than linearly when the driving amplitude is increased
(stiffening). Second, the amplitude of the response decreases with time when the strain
amplitude is held constant (softening).
A convenient way to display relations between a stimulus and a response is to use
Lissajous figures, or stress-strain curves in this context (figure 2.8). The stress-strain
curves emphasize features that may be overlooked otherwise. In particular, the stress-
strain curves reveal that strain stiffening is not only present when increasing the amplitude,
but also during a single cycle. In all curves depicted in figure 2.8, the slope K ′ = dσ/dγ
(also called differential modulus) initially increases with increasing strain. The interplay
of stiffening and softening will turn out to be of major importance for the theoretical
description of bond-breaking phenomena (see section 3.4).
In order to quantitatively characterize the stress-strain curves with a single number,
we define a nonlinear modulus K¯ as the ratio of the maximum stress σˆ reached in one
cycle divided by the respective strain amplitude γˆ (see figure 2.8)
K¯ ≡ σˆ
γˆ
. (2.3)
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K¯ should not be confused with the differential modulus K ′. K ′ is not suitable to char-
acterize changes from one cycle to the next, because it depends on the strain and is thus
not a single number for a given stress-strain curve. Roughly, K¯ can be considered as an
averaged value of K ′.
The evolution of K¯ over a large number of oscillatory cycles for two independent mea-
surements is displayed in figure 2.9. The two salient features that were identified from
the time-dependent stress data are confirmed by this analysis, namely that the material
stiffens when a large strain is applied for the first time, but softens during the following
cycles (shakedown). A remarkable property of the two data sets is that they nearly co-
incide for equal strain amplitudes, despite of the fact that the measurements were made
at different days with different samples (but prepared under the same conditions). It is
therefore possible that measurements of K¯ using nonlinear oscillations (and directly using
the raw data without any preprocessing by the rheometer) are much less sensitive to dis-
turbances than the measurement of steady-state linear viscoelastic properties. For strain
amplitudes ≥ 30%, the material softens dramatically. This might be due to nonlineari-
ties of geometric origin, i.e. due to the large-deformation geometry itself, as theoretically
predicted (Fernandez et al., 2009).
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Figure 2.9: Average stiffness K¯ per cycle vs cycle number N for two different samples (strain
amplitudes as indicated in the shaded regions). For both samples, cA = 0.4 mg/ml, R = 0.05,
T = 21◦C. The red data set starts with 10% strain amplitude. It was shifted along the N -axis
in order to make regions of equal strain amplitude overlap.
From the shake-down of the nonlinear modulus, one can extract time scales by fitting
an exponential relaxation with arbitrary offset and amplitude. A very important point
is now that from theoretical considerations, the order of magnitude which is expected
for the time scales is known. I will not anticipate the discussion of section 3.4.4 here.
I just note that the theoretical model ascribes both the recovery (section 2.3.1) and the
shake-down phenomenon to the dynamic evolution of the underlying bond network. We
therefore expect the relaxation time scales and the shake down time scales to be roughly
of the same order of magnitude. The shake-down time scales range from 90 to 700 s,
and therefore roughly within the sample-to-sample variability of the relaxation time scales
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(compare table 2.1, note that the standard error of the mean is given). The experimentally
observed shake-down time scales are compared to the results of numerical evaluations of
the inelastic GWLC model (see chapter 3) in section 3.4.4.
The close agreement between the two data sets enables us to speculate about the
influence of preconditioning. The blue data set in figure 2.9 only suffers a very gentle
shakedown for the first 30 cycles at 5 % strain amplitude. Nevertheless, one can assume
that the material has been preconditioned by the external agitation. The red data set, in
contrast, has only been subjected to very weak driving in the linear regime and can be
considered as not preconditioned. Consequently, the red sample is stiffer for 31 ≤ N ≤ 60
than the blue sample. Subsequent increases of strain seem to erase this memory, as the
data for both samples almost perfectly collapse for N ≥ 60. On the other hand, the
mismatch for N < 60 could be the signature of the usual sample-to-sample variation. In
this case the conclusion would be that the sample-to-sample variance can be removed by
strong shake down.
We will come back to discussing the data once a better theoretical understanding of
the shake-down phenomenon and its relation to bond breaking and fludization has been
established in section 3.4.4.
2.4 Discussion
In this chapter, I presented experiments on the influence of large mechanical perturbations
on the mechanical properties of a weakly crosslinked F-actin network. We found that
application of large shear strains fluidizes the sample (sections 2.3.1 and 2.3.2), and that
the phenomenology is very similar to the fluidization in live cells. Also in analogy to the
situation in cells, a subsequent recovery could be demonstrated, which was found to be
nearly exponential. The exponential relaxation seems to be somewhat at variance with
what has been reported for cells, where the relaxation was described to be non-exponential
(Trepat et al., 2007). The difference in recovery dynamics is, however, expected, as the
main part of the recovery in cells is reported to depend on the presence of ATP (Trepat
et al., 2007), whereas ATP was depleted in our experiments. One might hypothesize that
the imperfect recovery curves of cells lacking ATP would show exponential relaxation,
when normalized according to the procedure introduced in section 2.3.1.
Many mechanisms causing fluidization can be imagined. In chapter 3, the breaking
and reforming of transient bonds will be explored, which naturally leads to fluidization
and recovery. In favor of the bond-breaking hypothesis is the observation that relaxation-
and shake-down time scales are similar. This is expected if both phenomena depend on the
same underlying process, but it would be a lucky coincidence for other scenarios. We will
discuss the relation between our theoretical model and our experiments in sections 3.4.3
and 3.4.4. In the following, we briefly discuss alternative reasons for fluidization.
One very obvious reason for for fluidization would be permanent breaking of polymers
or part of the network. However, even after correcting the data for slow effects, a significant
amount of fluidization is observed (section 2.3.1). Therefore, the sought-after mechanism
has to allow for recovery. As a passive process that counter-acts filament breaking, actin
annealing was introduced in section 2.3.1. We discussed that for this process, two dif-
ferent kinetic schemes can be relevant. If the filaments can diffuse freely, an exponential
relaxation of the number concentration of filaments with a time scale of a few seconds
is predicted. This very fast relaxation is clearly inconsistent with our recovery curves,
which have time constants on the order of about four minutes (table 2.1). For suppressed
filament diffusion, a linear increase in the number concentration is predicted for several
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minutes. Even though this effect would in principle have the correct time scale, it is not
clear how this linear decrease in filament number would lead to a very clean exponential
relaxation as seen in figure 2.6. Based on the above arguments, it seems unlikely that fila-
ment breaking/annealing is the mechanism behind the experimental observations reported
below. But, on the basis of the present data, it cannot be ruled out with certainty.
An obvious way to decide this question would be to perform similar experiments as
proposed here, but to measure the time-resolved length distribution instead of the linear
mechanics subsequent to the strain pulses. However, this is probably very time-consuming
and experimentally challenging. A less challenging approach would be to theoretically
estimate how the signatures of bond breaking/recovery on the one hand and filament
breaking/annealing on the other hand depend on controllable parameters such as the actin-
or the crosslinker concentration. For example, for high actin and crosslinker concentration,
the average distance between crosslinks will be very small. In this case, the average
crosslink distance, and not the filament length, should be the length scale determining
mechanics. Therefore, annealing should be of minor importance. The bond recovery
contribution, in contrast, is expected to be very strong in this scenario. Combining several
independent predictions of this kind should make it possible to exclude the one or the
other explanation for the recovery.
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Chapter 3
Theoretical description
“The structure cannot be a fixed or rigid
one, for protoplasm is often in a state of
motion. It sometimes flows with great
rapidity. Its structure must, therefore, be
facile, its parts capable of repeated
readjustments.”
William Seifriz (1939)
3.1 Introduction
The foregoing chapters introduced many phenomena that are probably related to the
breaking and reforming of transient bonds. In this chapter, we explicitly work out a
nonlinear theory for a biopolymer network vulnerable to transient bond breaking. The
development of a fully microscopic network theory is a formidable, but yet unsolved task. A
major obstacle for the derivation of such a theory is the high complexity of the interactions.
We circumvent these obstructions by introducing simplifying assumptions, which neglect
some microscopic details, but which lead to a theory that still captures the essential
physics. As starting point, we use the viscoelasticGwlcmodel (see section 1.2.3). We then
identify natural ways by which bond breaking can alter the mechanical response of a Gwlc
turning it into an “inelastic” Gwlc. We argue that the inelastic Gwlc can qualitatively
explain all of the puzzling experimental observations mentioned in section 1.1.3.
The basic idea of the phenomenological model proposed in this chapter is that of a
representative viscoelastic element which is in a self-consistently determined “mean field”,
representing the stat of the bonds in the network. More intuitively, it describes the phys-
ical picture of a test polymer (labeled red in the sketch in figure 3.1) in a background
network (blue). The test polymer is assumed to have effective collisions or crosslinks with
the background network at points on its contour, which are separated by an average dis-
tance Le. The interactions can be attractive or repulsive in nature. We idealize the energy
landscape of interactions at these contact points to a mean effective interaction potential
along some suitable reaction coordinate x (figure 3.2). In the intuitive picture, one can
identify the reaction coordinate with the transverse excursions of the test polymer. Note
that for the rate description we are aiming at, it is of no particular importance where the
origin for the reaction coordinate is located. The attractive interactions may be caused
by some intrinsic stickiness of the polymers, or by crosslinking molecules. They are taken
into account by a “bound” state in the effective potential (see sketch in figure 3.2). The
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Figure 3.1: Sketch of a test polymer in a network with the entanglement length Le and
the contour distance Λ between closed bonds. Reproduced from (Wolff et al., 2010) with
permission of the IOP.
unbound state originates from the confinement of the test polymer due to repulsive (Hel-
frich) interactions with the background (Morse, 2001). Therefore, the width ∆xu of the
unbound state should roughly correspond to the tube radius. The range of the attractive
interactions is small, the bound state is therefore expected to be narrow, ∆xb < ∆xu.
Fluctuations of the background can blur the short-ranged interaction and lead to a larger
effective ∆xb. Bound and unbound state are separated by a barrier of height EkBT , where
kB is Boltzmann’s constant and T is the absolute temperature.
Depending on the fraction ν of bonds in the bound state (which in equilibrium is
determined by the mutual energy difference UkBT , see figure 3.2), and depending on
the barrier height EkBT , distinct physical behavior is expected. If all bonds are in the
unbound state (i.e. ν = 0), one essentially has a test polymer that is entangled with the
background polymers and, as a result, is confined into a tube. In this case, the mechanics
of the solution is described by the tube model (see section 1.2.3) and the dominant length
scale for the mechanical response is the entanglement length Le. If, on the other hand, all
sites are in the bound state (ν = 1) and the barrier is high, E  1, the representative test
polymer is permanently crosslinked with the background and deforms affinely as a strand
of the network. The crucial length scale for the mechanical response is then the crosslink
distance Λ. In this latter case, the tube-model contribution, even though it still might
be present, is to weak to have a noticeable effect. The same assumption holds if only a
fraction ν < 1 of sites is in the bound states, if ν is not too small. One can therefore
assume that also in the presence of transient crosslinks or sticky contacts, the length scale
Λ (see figure 3.1) dominates the mechanics.
The case of transient crosslinks differs from the permanently crosslinked scenario in at
least two important points. First, even in the absence of external perturbations, the fact
that bonds thermally open and close will have an impact on the dynamics of the system.
Attempts to take this into account have been made, e.g. with the Gwlc (Semmrich et al.,
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2007; Kroy and Glaser, 2007) and the Cgd (Broedersz et al., 2010), see also section 1.2.3.
Second, external perturbations will in general affect the average crosslink distance
Λ. Therefore, the presence of transient bonds not only affects the thermal fluctuations
about a reference state, it also affects this reference state itself, which depends on the
average number of closed bonds. Moreover, the fraction of closed bonds determines how
the microscopic force on one bond is related to the macroscopic force on the whole network.
Intuitively, this is because if one bond opens, the number of elements in the network that
can bear the macroscopic force decreases, and therefore the effective force on the one
bonds increases. The phenomenology of this macroscopic network effect is similar to the
effect of bond breaking on the microscopic Gwlc response, but it is in general smaller in
magnitude. It therefore often suffices to only consider the microscopic effect.
Outline
The chapter is organized as follows. After defining the model for the bond kinetics (sec-
tion 3.2) and exploring the principal routes on which the dynamic bond fraction can affect
the mechanical response of the material (section 3.3), we examine the phenomenology of
the model (section 3.4). The model is shown to exhibit nontrivial nonlinear phenomena
such as fluidization, recovery, passive remodeling, stress stiffening, and kinematic hard-
ening. For clarity, a graphical summary of the parameter dependence of the effects in a
reduced parameter space is given (section 3.4.1). Extensive numerical studies of the phe-
nomenology are complemented by analytical modeling. In particular, a set of analytical
constitutive equations is derived in section 3.4.5.
Throughout this chapter, specific technical vocabulary is used. For clarity and better
readability, some frequently-used terminology is explained in the glossary.
3.2 Bond kinetics
Consider an ensemble of independent two-state systems (“bonds”) described by a free
energy featuring a minimum at xb and xu (figure 3.2), corresponding to a bound and an
unbound state. By convention, the energy vanishes in the force-free bound state, and the
unbound state has energy U . The minima are separated by a barrier of energy EkBT at
xt. External forces f are assumed to adiabatically tilt the energy landscape (Bell, 1978;
Evans and Ritchie, 1997). We stick (for now) to the simple Bell model (Bell, 1978), in
which the rates k+ and k− for binding and unbinding are given by
k+(f) = ke
U−∆xu|f−f0|, (3.1)
and
k−(f) = ke∆xb|f−f0|, (3.2)
with ∆xb/u = |xb/u − xt|, respectively. To simplify the notation, we measure energies in
units of the thermal energy kBT , giving lengths and moduli the dimensions of inverse
force and and force squared, respectively. The prefactor k corresponds to the equilibrium
off rate. In the framework of Kramers theory (Kramers, 1940), it is proportional to
the microscopic attempt rate and decreases exponentially with the barrier height, k ≡
e−Eτ−10 . More sophisticated theoretical approaches predict different functional forms of
the equilibrium off rate (Evans and Ritchie, 1997; Nguyen-Duong et al., 2003; Hummer
and Szabo, 2003; Walton et al., 2008; Tshiprut et al., 2008; Freund, 2009), also including
dependencies of the equilibrium off rate on the stiffness of the force probe (Nguyen-Duong
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Figure 3.2: Sketch of the effective mean interaction potential, consisting of a short-ranged
bound state and a wide unbound state. We assume the bound state to originate from attractive
polymer-polymer interactions, whereas the unbound state is caused by effective confinement.
et al., 2003; Walton et al., 2008; Tshiprut et al., 2008; Freund, 2009) and even explicitly
take into account a pulling-induced time-dependent free-energy landscape (Hummer and
Szabo, 2003; Dudko et al., 2006, 2008; Tshiprut et al., 2008; Freund, 2009). However, at
the present state we are not interested in the microscopic model details and prefer to treat
k as an independent parameter, unless we have reason not to do so.
In the above expressions, we took into account the possibility of an internal prestressing
force f0. In the following, the particular choice of the dependence on f0 is rationalized. In
living adherent cells, the prestressing force is actively generated by molecular motors. One
can assume that a change in the prestressing force is accompanied by an active remodeling
of the cytoskeleton (Paszek et al., 2005). The internal forces are partly balanced by
connections to the environment (Trepat et al., 2008). Therefore, in steady-state situations,
the external force acting on the cell is proportional to its internal prestress. Refraining
from modeling the details, we denote this steady-state condition by f = f0. The principle
of homeostasis implies that under resting conditions, the cell is not supposed to be torn
apart by its own prestress (Wolff and Kroy, 2009). It is therefore reasonable to assume
that only the difference between external and prestressing force contributes to lowering
the energy barrier. This in particular means if the external force drops too low to balance
the prestress, this is experienced as an external perturbation by the cell, leading to a
change in barrier height. Note that the above convention allows to incorporate any other
prestress-dependence of the rates by a renormalization of the barrier parameters E and U .
We further make the assumption that only the absolute value of the force difference
enters the rates. This leads to a generic barrier-lowering effect of the force, independent
of the direction. Assuming uniformly distributed orientations in the network, one can, to
a good approximation, assume that applying a force in any direction enhances unbinding.
The reason is that for a part of the bond network binding will be enhanced and for another
part unbinding will be enhanced and that, similar to a stiff and a soft spring arranged in
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series, the part with enhanced binding will only contribute weakly to the response.
Noting that the fraction of closed bonds and the fraction of open bonds have to add to
one, the fraction ν of bonds in the closed state (“bond fraction”) is given by the first-order
kinetic equation
ν˙(t, f) = −k−(f)ν(t) + k+(f) · {1− ν(t)} (3.3)
= −{k+(f) + k−(f)} ν(t) + k+(f). (3.4)
For stationary conditions and after the decay of transients, the bond fraction is given by
νst(f) =
1
1 + e−U+(∆xu+∆xb)|f−f0|
(3.5)
From the expressions (3.2)-(3.4), the linear response of the bond fraction to a sinusoidal
driving force
f(t) = f0 + fˆ sin(w0t), (3.6)
can be derived. It reads
ν(t) ≈ ν(f = f0)− fˆ · (α′ν(ω0) sin(ω0t) + α′′ν(ω0) cos(ω0t)), (3.7)
with the abbreviations
α′ν(ω) =
(∆xb + ∆xu)
4 cosh2(U/2)
1
1 +
(
ω
k(1+eU )
)2 (3.8)
and
α′′ν(ω) = −
(∆xb + ∆xu)
4 cosh2(U/2)
ω
k(1+eU )
1 +
(
ω
k(1+eU )
)2 . (3.9)
To arrive at the above expressions, we neglected transients in the long-time limit, t 
1/(k(eU + 1)). To obtain the linear bond susceptibilities in presence of an additional
steady external force fext,
f(t) = f0 + fext + fˆ sin(ω0t), (3.10)
U has to be replaced by U ′ = U − (∆xu + ∆xb)fext and in the factor k = τ−10 e−E , E has
to be replaced by E ′ = E −∆xbfext.
The functions α′ν(ω) and α′′ν(ω) are thus identified as the linear susceptibilities of the
change in bond fraction δν to a small sinusoidal driving force. Formally, they have the
shape of the susceptibilities of a Kelvin-Voigt material. The typical features are a peak in
the imaginary part of the susceptibility at ω∗ = k · (1 + eU ) and a crossover from a plateau
to a linear decrease of the real part at the same frequency ω∗.
Note that the bond susceptibility is not sufficient to define the material response. It
is not even a proper mechanical susceptibility, because it describes the response of some
internal variable. One still has to relate a change in the fraction of closed bonds to the
mechanical response of the network. This is discussed in section 3.3.
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Figure 3.3: Real (solid lines) and imaginary (dash-dotted lines) part of the frequency-
dependent susceptibility of a Kelvin-Voigt model, equations (3.8)-(3.9). Parameters are taken
from the “stiff” parameter set, table A.2.
3.3 GWLC response and bond breaking
We now address the mechanical response of a network of semiflexible polymers which are
linked by transient slip bonds at average distance Λ. The equilibrium properties of such a
network can be described by the phenomenological Gwlc model (Kroy and Glaser, 2007)
(see section 1.2.3). “Equilibrium” here refers to equilibrium kinetic rates and that the
fraction ν of closed bonds stays constant. This implies that also the mean bond distance
Λ is constant. For most experimental situations, however, temporal changes in the mean
fraction of closed bonds seem to be of high importance (Trepat et al., 2007; Fernandez
et al., 2007; Fernandez and Ott, 2008; Lieleg et al., 2009). Thus, a theoretical description
accounting for the dynamics of the bond fraction is highly desirable. We address the
problem by deriving the force the effective (Gwlc) medium exerts on a single bond. We
then examine how the Gwlc material properties depend on the fraction of closed bonds.
3.3.1 Effective force on bond
From theGwlc, we can derive microscopic response functions for the transverse excursions
of a test polymer. In many experiments, however, the whole network is macroscopically
deformed (e.g. shear rheometry, optical stretcher). To relate the microscopic to the macro-
scopic response, we assume affine network deformations (MacKintosh et al., 1995). Still,
even under these idealized conditions, we have to take into account that the relation be-
tween the microscopic force on a bond and the macroscopic force on the whole sample
depends on the fraction of closed bonds.
We derive the microscopic force acing on a bond given a macroscopic force Fext acts
on the material. We consider the network as being permeated by an arrangement of
force-bearing strands. Importantly, these strands are composed of many different polymer
segments which are connected to each other by weak bonds. We denote the number of
force-bearing strands if all possible bonds are closed with N , where N is supposed to be
very large. N is therefore the maximum number of strands that can be under load in
parallel. The force borne by each strand is denoted as fB. We assume homogeneity, i.e.
that fB is equal for each strand.
For an external force Fext, a simple force balance yields
Fext = (number of active strands)× fB. (3.11)
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If we consider only one type of bonds, then the number of active strands is N for ν = 1
and 0 for ν = 0. A natural choice is therefore
Fext = ν ·N · fB, (3.12)
where we neglected a possible viscoelastic response of the entangled (i.e. non-crosslinked)
network, which would contribute a small additive force offset. This leads to a relation
between external force, effective bond force, and the state of the bond network. Explicitly,
fB reads
fB =
Fext
N · ν ≡
fext
ν
, (3.13)
where we defined the external force per possible force strand fext = Fext/N .
Note that equation 3.13 relates the bond fraction to the force transmission. A decrease
in bond fraction would lead to a “softening” in the sense that one would obtain a larger
displacement response to a given external force, because the effective force on the poly-
mers is higher. This softening does not rely on changes in the microscopic mechanical
properties of the polymers. It is only present if a macroscopic external force is applied. If
a microscopic force is applied, e.g. using microbeads, then fB = fext. Still, bond breaking
can also have a direct effect on the microscopic material properties, which will be discussed
in the following section.
3.3.2 The microscopic GWLC material properties depend on the bond
fraction
The aim of this section is to extend the original equilibriumGwlcmodel to nonequilibrium
situations. To this end, we have to recall that all mechanical quantities calculated within
the Gwlc model crucially depend on the interaction length Λ (see section 1.2.3). In previ-
ous applications of the model (Semmrich et al., 2007; Kroy and Glaser, 2007, 2009) it was
assumed that Λ remains constant — equal to its equilibrium value and unaffected by the
deformation of the sample. In other words, the equilibrium theory allowed for statistical
bond fluctuations but not for a dynamical evolution of the parameters characterizing the
thermodynamic state of the bond network. An obvious starting point for generalizations
of the model to non-equilibrium situations is therefore to consider the number of closed
bonds, and thus also Λ, as dynamic variables, dependent on the strain- and stress-history
of the network. As the polymers in the network are linear objects, one can assume the
following relation between Λ and the average fraction ν of closed bonds
Λ =
Λ0
ν
, (3.14)
where Λ0 is the average distance between possible binding sites. Λ0 is bounded from below
by the entanglement length Le. If the number of possible bonds (or “crosslinkers”) per
filament is low, Λ0 may be larger. To account for such a dynamically evolving network,
we use the mean-field description outlined in section 3.1, which is consistent with the
intuitive picture underlying the Gwlc. Similar ideas have been used before in many
related situations (e.g. Bell (1978); Schwarz et al. (2006); Kollmannsberger and Fabry
(2009)).
The time dependence of ν(t) leads via equation (3.14) to an implicit time dependence
of the Gwlc-parameter Λ(t) and thereby of all observables derived from the Gwlc. As
we aim at a description for the microscopic response of the Gwlc in this section, the force
entering equation (3.4) is generally the bond force, f ≡ fB. It may be thought to result
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Figure 3.4: Dependence of the microrheological “modulus” gGwlc on the bond fraction ν for
various values of E (brown: E = 0.1, red: E = 1, blue: E = 5, green: E = 10). Left: normalized
real part g′. Right: loss angle. Reproduced from Wolff et al. (2010) with permission of the
IOP.
from an externally imposed stress protocol (where the relation to the macroscopic external
force discussed in section 3.3.1 has to be taken into account) or from internal dynamical
elements such as molecular motors setting the network under dynamic stress. Hence, via
an appropriately chosen set of slowly changing state parameters f(t), U(t), E(t), . . . the
model can in principle accommodate for the active biological remodelling in living cells
and tissues (Wolff and Kroy (2009), see also section 3.5.1). Note that for constant force
fstat, the stationary value of ν,
νstat = (1 + exp [−U + (∆xu + ∆xb)fstat])−1 , (3.15)
obtained by setting ν˙ ≡ 0, does not depend on E , as it should be (the steady state is
independent of the transition state).
To exemplify the dependence of Gwlc observables on the bond fraction ν, we con-
sider the microscopic “modulus” g, that is of particular interest, both experimentally and
theoretically. In frequency space, it is defined via the microscopic susceptibility α of a test
polymer to a transverse point force (see also section 4.2.1),
g(ω) ≡ 1/α(ω). (3.16)
In experiments, g(ω) is usually measured by applying oscillations of small amplitude γˆ
and frequency ω to a probe that is connected to the structure of interest. From the
relative phase δ and amplitude fˆ of the resulting response, a complex response function
g∗(ω) ≡ g′ + ig′′ = fˆ/γˆeiδ can be constructed, where i is the imaginary unit. For purely
elastic materials, the phase lag is zero and g∗ is real. For fluids, in contrast, δ = pi/2,
and g∗ is purely imaginary. Because of these two limiting cases, the real part g′ and
the imaginary part g′′ of g∗ are usually called the elastic or storage modulus and the
loss modulus, respectively. For microrheological experiments, the modulus is given by the
inverse microrheological susceptibility of the Gwlc. As demonstrated in figure 3.4, the real
part of g∗ increases with increasing bond fraction, while the loss angle δ decreases. Thus,
increasing the bond fraction leads to stiffening and solidification or, phrased differently,
a decreasing bond fraction leads to softening and fluidization. The magnitude of theses
effects depends on other system parameters such as the barrier height E (figure 3.4). For
macrorheological experiments, the bond-fraction dependence of the effective bond force
(section 3.3.1) has to be taken into account.
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3.3.3 Linear network response
As discussed previously, the coupling between viscoelastic response and bond breaking is
intrinsically nonlinear. It is therefore an intriguing question whether signatures of bond
breaking prevail in the limit of linear response. The discussion of the linear response is
not specific to the inelastic Gwlc, but applies to any material that is vulnerable to bond
breaking in a similar manner as discussed in sections 3.3.1-3.3.2. We therefore consider
the linear response of a material with some general, bond-fraction dependent susceptibility
αS(ω0|ν) to small force oscillations on top of an optional prestressing force,
fext = f0 + fˆ sinω0t. (3.17)
We do not yet specify the nature of the ν-dependence in the susceptibility αS(ω0|ν).
Possible candidates can be found in the previous sections. For a fixed fraction of closed
bonds, ν ≡ ν0, the linear response reads
∆γ(ω)|ν≡ν0 = αS(ω|ν0)fˆ(ω), (3.18)
where we introduced the fourier transform fˆ(ω) of the small oscillatory driving force.
In the presence of a constant prestressing force fext ≡ f0, the material can also exhibit
a linear response to a hypothetical oscillatory bond driving ∆ν(ω),
∆γ(ω)|fext≡f0 = f0 ·
∂GS(ν)
∂ν
∣∣∣∣
ν=ν0
∆ν(ω), (3.19)
with GS being the steady-state response of the material to the prestressing force. In simple
words, the interpretation is that an oscillation in the stiffness of the material is induced
by the oscillating bond fraction, which under a constant force translates into oscillations
of the extension. For the sake of a clear argumentation, we neglected a possible time-
dependence of GS. This simplification is justified in several situations. First, f0 may be
some “frozen” internal tension, e.g. to geometric constraints in the network. Second, for
externally applied prestress, if the free energy barrier E is high, the creep is very slow
and will not contribute on the time-scale of one cycle. Third, one may assume that the
experimental devices correct for creep in linear response measurements in the presence of
externally applied prestress. It goes without saying that if one is interested in quantitative
details, the time-dependence can easily be taken into account.
To obtain the full linear response to an oscillatory force, the force dependence of ν has
to be considered. In section 3.2, the linear susceptibility αν(ω) of the bond fraction was
given, leading to a linear bond response (in frequency space) ∆ν(ω) = −αν(ω) · fˆ(ω). The
linear response thus reads
∆γ(ω) =
(
αS(ω|ν0)− f0 · ∂GS(ν)
∂ν
∣∣∣∣
ν=ν0
· αν(ω)
)
fˆ(ω). (3.20)
From equation (3.20), one can find the full linear susceptibility αf for the network,
αf(ω) = αS(ω|ν0)− f0 · ∂GS(ν)
∂ν
∣∣∣∣
ν=ν0
· αν(ω). (3.21)
The force offset f0 plays a prominent role in the equation. If we could send f0 to zero, we
would recover the plain Gwlc susceptibility for a static bond fraction. For macroscopic
external prestressing, it is reasonable to identify f0 with the external prestressing force.
40 CHAPTER 3. THEORETICAL DESCRIPTION
0.01
0.1
1
10
100
g
′ ,
g
′′
(a
.u
.)
1×10−6 0.001 1 1000
ω/k · (1 + eU)
Figure 3.5: Combined frequency-dependent linear storage (solid lines) and loss (dash-
dotted lines) modulus of an inelastic Gwlc for various values of the prestressing force f0
(f0 cosh(U/2)
2/(∆xu+∆xb) = 0.01 (blue), 0.1 (red), 1 (green)). All other parameters accord-
ing to the stiff parameter set, see table A.2.
For very weak or no external prestressing, there might still be passive internal tensions.
For example, the polymerization may have left the network in a nonequilibrium situation.
If the polymers are hindered from relaxation by constraints of the network geometry, this
could give rise rise to a finite value of f0.
To exemplify the qualitative influence of bond breaking on the linear response, we
somewhat arbitrarily choose GS(ν) = ν
−1α′GWLC(ω0|ν0). Using the full Gwlc expression
would lead to the same qualitative results, but is numerically much more demanding. The
modulus calculated from the resulting combined network susceptibility (see section 4.2.1)
for various values of the prestressing force f0 is shown in figure 3.5. The effect of the
bond contribution is to introduce a shoulder in the storage modulus and a peak in the
loss modulus (figure 3.5). Even though this behavior is normally attributed to a Maxwell
viscoelastic body (Fung, 1993), here it stems from modifications by a Kelvin-Voigt sus-
ceptibility (bonds) and a power-law like susceptibility (polymers). The complex inverse of
the full susceptibility then looks as if a Maxwell model would have been added. However,
the situation is more complicated. For example, the peak frequency in the modulus is not
located at the bond resonance frequency ω∗ = k · (1+eU ), but depends on the prestressing
force (figure 3.5).
Note that the force-dependence of shoulder and peak critically depends on how the
prestressing force enters the bond kinetics. For example, if also the prestressing force
would contribute to bond slippage (i.e. if the steady state would be at f = 0 instead
of f = f0), U would decrease with f0, analogous to the discussion below equation (3.10).
Thus, for non-zero prestressing force, the bond-breaking signatures would be exponentially
suppressed via the cosh2 factor in equations (3.8) and (3.9).
The shoulder and peak patterns in the frequency-dependent rheology are frequently
observed for transiently crosslinked actin networks (Tharmann et al., 2007; Lieleg et al.,
2008, 2009; Broedersz et al., 2010). In cells, in contrast, a characteristic frequency scale
ω∗ has not been identified. This is, however, not a contradiction to the bond-breaking
hypothesis. A very appealing explanation is that in cells the bond parameters such as
barrier height and potential widths are distributed broadly, and therefore the characteristic
frequency is blurred in the spectrum. A similar argument leads to power-law rheology in
the SGR model, see section 1.2.3.
3.3. GWLC RESPONSE AND BOND BREAKING 41
3.3.4 Weakly nonlinear rheology
From the expression (3.21) for the linear response of the inelastic Gwlc, it is apparent that
for vanishing prestressing force f0, bond breaking does not contribute to linear response.
Therefore, the characteristic peak and shoulder in the linear rheology are not present for
f0 = 0. Still, it is possible that for stimulus amplitudes slightly beyond linear response,
weakly nonlinear bond effects of similar quality can appear in what is mistaken to be the
linear spectrum. To see how nonlinear effects can enter the apparent linear response, we
note that it is common practice to extract rheological spectra from a weakly nonlinear re-
sponse by Fourier-transforming the response and extracting the contribution in resonance
with the driving to reconstruct a fictitious sinusoidal response with well-defined ampli-
tude and phase shift (see figure 3.6 for a somewhat exaggerated example). As nonlinear
processes generally excite higher harmonics but also change the resonance response, this
practice is bound to include a nonlinear bycatch.
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Figure 3.6: Weakly nonlinear response of an inelastic power-law fluid (red solid line) and
the corresponding apparent linear response (blue dashed line), reconstructed as described in
the main text, displayed over driving force (panel a) and time (panel b). Parameters are
fˆ∆xb = 0.35, δ = 0.05, ω ≈ k.
To obtain further insight into this phenomenon, we perform analytic calculations on
the simplified model of a power-law fluid, which should be an acceptable approximation
to the Gwlc in the frequency range of interest. To enter bond-breaking, we assume that
the linear susceptibility of the power-law fluid is modulated by the inverse bond fraction,
i.e.
α′S(ω) = G
−1
0 ν(ω)
−1ω−δ (3.22)
and
α′′S(ω) = tan
(
δ
pi
2
)
G−10 ν(ω)
−1ω−δ, (3.23)
with an unspecified prefactor G−10 . For the sinusoidal driving force in equation (3.6) (with
f0 ≡ 0), the displacement response can be written as
x(t) =
G−10 fˆω
−δ
ν0 − fˆ · (α′ν(ω0) sin(ω0t)− α′′ν(ω0) cos(ω0t))
× (sin(ω0t)− tan(δpi/2) cos(ω0t)) , (3.24)
where ν0 is the steady-state bond fraction in the absence of driving.
In the following, we determine the nonlinear contributions to the apparent linear sus-
ceptibilities by calculating the nonlinear response and isolating the contributions in reso-
nance with the driving frequency. In order to do this in a formally fully consistent way,
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we would need to include higher-order terms for the bond response and for the material
response in the absence of bond breaking. However, for the present purpose, which is to
capture the essential physics of the model rather than to deal with some circumstantial
details, this is in fact not necessary. We therefore assume favorable conditions, namely
that both the bonds and the material in the absence of bond breaking react linearly, and
that the only relevant source of nonlinearity lies in their mutual interaction. Deviations
from the results due to an actually nonlinear bond response and due to potential mechan-
ical nonlinearities in the employed viscoleastic model (here the power-law fluid) can be
evaluated numerically if need arises. Their main effect will typically be a mere parameter
renormalization.
With these remarks in mind, we can use equation (3.24) and expand it to higher order
in fˆ . Up to third order and using the abbreviation d = tan(δpi/2), the expansion reads
x(t) ≈ ω−δ0
fˆ
G0ν0
(sin(ω0t)− d cos(ω0t))
+ G−10 ω
−δ
0
(
fˆ
ν0
)2
{sin(ω0t)− d cos(ω0t)}
{
α′ν sin(ω0t)− α′′ν cos(ω0t)
}
+ G−10 ω
−δ
0
(
fˆ
ν0
)3
{sin(ω0t)− d cos(ω0t)}
{
α′ν sin(ω0t)− α′′ν cos(ω0t)
}2
,
(3.25)
with the equilibrium bond fraction ν0 = (1 + e
−U )−1. By rewriting the trigonometric
functions one can show that the terms of order fˆ2 only induce a response at the first har-
monic at 2ω0 and a constant offset. Therefore, the first contribution to the apparent linear
response comes from the third-order terms. Dropping all terms that do not contribute to
the response at ω0, the apparent linear response becomes
x(3) ≈ ω−δ0
fˆ
G0ν0
(sin(ω0t)− d cos(ω0t))
+ G−10 ω
−δ
0
(
fˆ
ν0
)3
1
4
×{ [
3α′ν(ω0)
2 − α′′ν(ω0)2 − 2dα′ν(ω0)α′′ν(ω0)
]
sin(ω0t)
− [dα′ν(ω0)2 + 3dα′′ν(ω0)2 + 2α′ν(ω0)α′′ν(ω0)] cos(ω0t)}. (3.26)
The apparent linear susceptibility belonging to this response has the real and imaginary
parts
α(3)
′
(ω0) =
ω−δ0
G0ν0
1− 14
(
fˆ
ν0
)2 [
α′′ν(ω0)
2 + 2dα′ν(ω0)α
′′
ν(ω0)− 3α′ν(ω0)2
] (3.27)
and
α(3)
′′
(ω0) =
ω−δ0
G0ν0
d+ 14
(
fˆ
ν0
)2 [
3dα′′ν(ω0)
2 + 2α′ν(ω0)α
′′
ν(ω0) + dα
′
ν(ω0)
2
] (3.28)
respectively (figure 3.7). Obviously, we can isolate the nonlinear bond-breaking contribu-
tion by
αnl,bonds(ω0) =
α(3)(ω0)− α(0)(ω0)
α(0)(ω0)
, (3.29)
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where α is either α′ or α′′ and α(0)(ω0) stands for the linear susceptibilities of the material
without bond breaking.
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Figure 3.7: Nonlinear (symbols) and linearized (lines) susceptibilities (a) and moduli (b) for
the inelastic power-law fluid defined in the main text. Due to the bond breaking, a shoulder
develops in the in-phase response (blue), and a peak is observed in the out-of-phase response
(purple). The parameters are δ = 0.01, k = 1.4× 10−2, U = 1, and fˆ∆xb = 0.35.
Equation (3.29) can be discussed analytically. By inspection of equations (3.27)-(3.29)
it is apparent that α(3) exhibits the same scaling behavior as equations (3.8)-(3.9). In
particular, the frequency scale is also set by k(1 + eU ). However, due to the nonlinear
combination of αν with αS in equation (3.29), the peak of the dissipative nonlinear com-
bined response, α(3)
′′
(ω), will in general not be located at ω = k(1 + eU ). A simple
calculation (see appendix A.3) reveals that the position of the peak is at
ω∗ ≈ 1√
3
k · (1 + eU ). (3.30)
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Figure 3.8: Position of the peak in the imaginary part of the nonlinear susceptibility. Nu-
merical evaluations for the power-law fluid (blue squares) compared to numerical evaluations
for the inelastic Gwlc (red circles) and the analytical prediction, equation (3.30) (solid lines)
and the semi-phenomenological correction, equation (3.31) (dashed lines, see main text), for
various values of the equilibrium off rate k (panel a, 10−8 < k < 0.1) and the equilibrium
relative binding affinity eU (panel b, 0 < eU ≤ 64). The driving amplitude was fˆ∆xb = 0.12,
other parameters as in figure 3.7.
This approximate nonlinear formula yields an analytical prediction (without any free
parameter) of the position of the peak in the spectrum in dependence of the bond pa-
rameters. To assess the quality of the analytical prediction for the peak position, we
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numerically evaluate equations (3.1)-(3.6) (using an Euler scheme) together with equa-
tions (3.22)-(3.23) (an example is provided in figure 3.7) and with the inelastic Gwlc as
discussed in section 3.3.2. Peak frequencies for various values of either k or U , keeping
all other parameters constant, are extracted from the numerical evaluations (figure 3.8).
We find that the functional dependence is predicted correctly, but that the theoretical
predictions are off by a constant factor of about 0.6 (figure 3.8b). This is so because we
assumed the bonds to always respond linearly and neglected the second-order contribution
to the bond response, which actually also contributes to the third order of the displacement
response. If one is interested in quantitative parameter estimations, it is straightforward
to take into account the second-order contribution. However, the more extended formula
is rather cumbersome. In practical applications, additional nonlinear corrections are more
conveniently taken into account by a phenomenological correcting factor. Multiplying eU
on the right-hand side of equation (3.30) by 0.64,
ω∗ ≈ 1√
3
k · (1 + 0.64eU ), (3.31)
leads to a good quantitative agreement with the numerical results for a broad range of
k and eU , (figure 3.8, dashed lines), independently of the driving force amplitude fˆ for
fˆ∆xb . 0.18 (see figure A.2).
The amplitude of the absorption peak turns out to be much more sensitive to the
intrinsic nonlinearity of the bond dynamics. Deriving a simple approximate formula as for
the peak position is therefore much less useful. Nevertheless, the approximate dependence
on some key parameters from the more complicated, fully consistent expressions can be
predicted. Here, we only mention that the amplitude is independent of the equilibrium
off rate k, depends on the relative affinity as (1 + eU )−1 and depends quadratically on
the driving force amplitude fˆ (data not shown). We further note that it is easy to show
from the analytic equations that asymptotically, for low frequencies, both the in-phase
and the out-of-phase part of the susceptibility are merely shifted from the linear-response
to higher values, where the shift is stronger for the in-phase susceptibility (see figure 3.7).
The interpretation is that the network softens, while the dissipation increases due to forced
bond-breaking.
3.4 Phenomenology of the inelastic Gwlc for nonlinear load-
ing
In this section, we more comprehensively examine the response of what we call the re-
versible inelastic Gwlc model to various stimuli. The term inelastic refers to the presence
of the breaking and reforming of transient bonds, leading to effects that are beyond the
well-known viscoelastic phenomenology. Reversible means that the bond fraction relaxes
into its unique kinetic equilibrium state in absence of external perturbations and that the
system does not possess a permanent memory. In particular, this implies that no perma-
nent bond-related plastic deformations are taken into account. Note that even in this case,
the Gwlc exhibits viscoelastic creep, which, however, is not in the focus of this study. We
further concentrate on a scenario where the bonds are slip bonds. The force reported in
this section will in general be the microscopic bond force, f ≡ fB, because we do not want
to limit the applicability of the discussion to macroscopic stimuli. Possible macroscopic
softening effects as described in section 3.3.1 straightforwardly can be taken into account
by suitably transforming fB. The implications of allowing for permanent plastic in addi-
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tion to the reversible inelastic deformations and of a catch-slip bond kinetics instead pure
slip-bond behavior are discussed in section 3.5.
Before entering the detailed discussion of the rich phenomenology of the inelastic
Gwlc, it may be helpful to have a broad overview. We present this overview in form
of a graphical summary in section 3.4.1, where the qualitative behavior of an inelastic
Gwlc is sketched in dependence on three crucial parameters, namly the energy difference
U between the bound and the unbound state, the displacement amplitude Γˆ, and the
displacement rate Γ˙. In the subsequent sections, the phenomena of steady-state stress
stiffening (section 3.4.2), inelastic yielding, fluidization, shake-down, and recovery (sec-
tions 3.4.3 and 3.4.4), and kinematic hardening/quasiplastic deformations (section 3.4.5)
are explored.
3.4.1 Exploration of the parameter space and graphical summary
The phenomenology of the inelastic Gwlc is very rich and depends on the complex inter-
ference of various system parameters. Despite their large variety, the possible responses
can be classified according to four principal modes of behavior. The reduced parameter
space of mechanical response patterns is spanned by three parameters, the energy differ-
ence U between bound and unbound state, and the amplitude Γˆ and the rate Γ˙ of the
externally applied deformation. The rate is measured with respect to the typical time
scale of bond opening.
Four representative 2D projections of the three-dimensional parameter space are sketched
in figure 3.9. Upon a first inspection, there are four distinct regimes, which are distin-
guished by their color coding. In the diagrams, intense blue stands for drastic bond-
breaking effects, while white and red mean that the dominant phenomenology could be
explained without net bond breaking. The limit of small amplitude and large U and Γ˙ cor-
responds to purely viscoelastic behavior, where bond breaking becomes negligible and one
recovers the mechanical behavior of an equilibrium Gwlc, which accounts qualitatively
for the stress stiffening of crosslinked semiflexible polymer networks.
The zero-rate line represents quasistatic deformations, where the bond fraction is in
equilibrium with the current force. This steady-state regime has a simple phenomenology,
exhibiting either stress stiffening or stress softening. In the stress-softening regime, the re-
sponse is dominated by bond-breaking, and it is consequently colored in blue. Surprisingly,
also in the steady state, a stiffening regime is present (colored in red for better visibility).
In this regime, the mentioned viscoelastic stiffening response is strong enough to overcom-
pensate the bond softening. Thus, the equilibrium force-stiffness relation is qualitatively
consistent with commonly observed stress stiffening behavior in cells (Stamenovic´ et al.,
2002; Wang et al., 2002; Park et al., 2010) and biopolymer networks (Gardel et al., 2006b;
Koenderink et al., 2009). The mechanism of steady-state stress stiffening is explored in
section 3.4.2.
In the intensely blue-colored regions at high rates, large, abrupt bond-breaking effects
dominate. In the force-displacement curves this manifests itself in the form of sudden
yielding events at a distinct yield force. Consequences of inelastic yielding are fludization
and softening, which are commonly observed in cells (Trepat et al., 2007; Krishnan et al.,
2009; Chen et al., 2010), but also in reconstituted biopolymer networks, as demonstrated
experimentally in section 2.3.1. The fraction of bonds broken during a yielding event
does not depend on the rate, but only on the displacement amplitude. This is indicated
in the constant-U plots (figure 3.9a & b) by the arrows on the right and by the color
shading in the dark blue regions. For constant U , the yield force solely depends on the
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Figure 3.9: Graphical summary of characteristic patterns in the nonlinear mechanical response
of the reversible inelasticGwlc. The sketches illustrate the qualitative behavior of the inelastic
Gwlc in various parameter regimes. In the parameter space spanned by U , displacement
amplitude, and displacement rate, four regimes of distinct behavior can be identified. We call
them “viscoelastic regime” (small amplitude), “inelastic yielding regime” (high rates, large
amplitudes), “quasiplastic regime” (low but non-zero rates), and the “steady-state regime”
(quasi-static deformations).
rate, indicated by the arrows on the top of figures 3.9 a & b. The initially disturbed
observables such as the linear storage modulus (measured at a fixed frequency) passively
recover their equilibrium values, after the cessation of any external perturbation. This
“recovery regime” is not depicted in the graphical summary.
In the pale blue regions, parameters are such that the yield force is not reached, but the
stimulus is persistent enough to significantly change the fraction of closed bonds during
the experiment. Under these conditions, the force-displacement curves are smooth and no
sudden changes of material properties occur. On a phenomenological level, the resulting
force-displacement curves strongly resemble plastic kinematic hardening curves. I therefore
refer to this regime as the “quasi-plastic regime”. The origin of the astonishing parallels
to plastic materials is explored in section 3.4.5.
Finally, in the white regions, driving is too quick and too weak to cause a significant
change in the fraction of closed bonds. The material therefore behaves similar to a net-
work where the mean fraction of closed bond is constant. The nonlinear response in this
regime resembles permanently crosslinked networks, featuring a stiffening response and a
viscoelastic hysteresis loop in the stress-strain curves. This dynamic viscoelastic stiffen-
ing should not be confused with the steady-state stiffening. In the dynamic viscoleastic
stiffening, the stimulus is too fast to significantly alter the bond fraction and inelastic
bond softening therefore cannot contribute. In the steady-state case, in contrast, a stiff-
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ening can be observed even though the bond fraction has enough time respond. From
this perspective, bare dynamic viscoelastic stiffening is rather trivial, whereas steady-state
stress stiffening is surprising. The linear response of the Gwlc with static bond fraction
(Kroy and Glaser, 2007; Glaser et al., 2008) and the nonlinear response of permanently
crosslinked networks (Head et al., 2003; Broedersz et al., 2009) have already been discussed
in the literature. Therefore, we will not examine this regime in detail.
3.4.2 Steady-state regime: Stiffening vs softening
In the steady state, the bond fraction is always in equilibrium with the current force. This
means that bond breaking is a quasi-static process and does not give rise to a hysteresis so
that there is a unique relation between force and bond fraction, given by equation (3.5). As
a measure of stiffness I use the real part g′Gwlc(ω0, f, ν) of the linear Gwlc modulus at a
fixed frequency ω0. The equilibrium force-stiffness relation (figure 3.10a) is then obtained
by plotting g′Gwlc(ω0, f(t), νst(f(t))) against the force in the limit of infinitesimally slow
driving.
Numerical evaluation of the steady-state response
For ease of comparison, we use two sets of parameters for the examples (see appendix A.4
and table A.2). One set is representative for a soft material with a low value of U . This
translates into a low steady-state fraction of closed bonds in the absence of driving. The
second parameter set represents a stiff material with a high value of U . Performing the
numerical experiment for the soft parameter set, we obtain a stress-stiffness relation as
one would naively expect from a bond-breaking material: a softening with increasing force
(figure 3.10a, red curve). For the stiff parameter set, however, initially a stiffening is
observed (figure 3.10a, blue curve). On the first glance, this stiffening seems to be in
contradiction to the force-induced breaking of bonds.
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Figure 3.10: Force-stiffness relation for the inelastic Gwlc (a) and the simplified schematic
model (b, see main text) for various parameter values. The Gwlc parameters are given by
the “stiff” parameters set (blue) and the “soft” parameter set (red), see table A.2. For panel
b, rf = 0.5.
The physical origin of the stiffening lies in the stress-stiffening of the equilibriumGwlc,
hence ultimately in the single-molecule stress stiffening of the WLC. This contribution
competes with the inelastic network softening from bond breaking. For high values of U ,
the steady-state bond fraction, equation (3.5), becomes insensitive to small forces, so that
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the network stiffening initially dominates. Before having a closer look at this mechanism,
we note that it can be used to rationalize the experimentally observed softening-stiffening
transition for reconstituted Filamin-A-crosslinked Actin networks (Gardel et al., 2006a).
In these experiments, the steady-state fraction of closed bonds was changed via the ratio
of the concentrations of Filamin and Actin, respectively. For high steady-state bond
fractions, initial stiffening was observed, whereas for low steady-state bond fractions, the
softening was dominant. These experimental results are in agreement with the predictions
of the inelastic Gwlc.
Schematic model
The conditions determining when the initial stress stiffening appears can approximately be
worked out using a strongly simplified, schematic model. Roughly, the model is obtained
by linearizing the dependence of the stiffness on f and ν, i.e. by assuming
g′(ω0; t, f) ∝ ν(t, f) (3.32)
and
g′(ω0; t, f) ∝ G0 · (1 + f/fG), (3.33)
with a zero-force offset G0 and a stiffening slope G0/fG. Finally, assuming that there are
no other time- and force dependent contributions and given that f(t = 0) = 0, one has for
the normalized stiffness g˜′
g˜′(t, f) ≡ g′(ω0; t, f)/g′(ω0; 0, 0) = (1 + f/fG) · ν(t, f)/ν(0, 0). (3.34)
In the quasistatic case, the bond fraction can be replaced by its stationary value, equa-
tion (3.5). Measuring the force in units of the force scale fT of the steady-state bond
fraction, f˜ = f/fT , one obtains for the normalized stiffness
g˜′(ω0; f˜) = (1 + rf f˜)
1 + e−U
1 + e−U+f˜
. (3.35)
The dimensionless parameter rf = fT /fG quantifies the relative importance of the stiff-
ening and softening contribution. By construction, the stiffening contribution in equa-
tion (3.35) is linear. The softening part is a sigmoid function that exponentially approaches
0 for positive f˜−U and a non-zero constant for negative f˜−U . Therefore, for large forces,
the material will soften. The stiffening part can nevertheless dominate for small forces.
For the simplified model, the parameter range where stiffening can appear can exactly be
calculated by looking for extrema of equation (3.35) at positive forces. It turns out that
for rf > 1, initial stiffening is always present. For rf < 1, the value of U determines
whether or not stiffening is displayed. For a given rf < 1, the critical value Uˆ of U , above
which stiffening can be observed, reads
Uˆ = log(1/rf − 1). (3.36)
Some example plots for various values of U are shown in figure 3.10b. The schematic
model is of course not meant to faithfully reproduce the precise functional relations of the
full inelastic Gwlc, but the qualitative conclusions will nevertheless be valid.
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3.4.3 Inelastic yielding regime: Pulsed loading
We now turn to dynamic, pulsed loading protocols. We show that the generally complex
response during the pulse can be characterized by two antagonistic quantities (the peak
force and the amount of remodeling), one of which to a good approximation only depends
on the driving rate while the other only depends on the amplitude. This surprising sep-
arability of the response will be traced back to generic properties of the model. We will
further explore how the subsequent recovery of observables is related to the relaxation of
the bond network and discuss the experimental results from section 2.3.1 in the context
of the inelastic Gwlc.
Phenomenology
We consider a pulsed displacement loading protocol with pulse amplitude Γ and pulse
duration Tpulse. For mathematical reasons, we choose a Gaussian-shaped pulse (see fig-
ure 3.11a, inset and section 4.3.2). We first regard a pulse of small amplitude (dashed
lines in figure 3.11, the meaning of “small” will become clear later). The shape of the
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Figure 3.11: Gaussian displacement pulses of small (γˆ/∆xu = 1.4) and large (γˆ/∆xu = 4.1)
amplitude (inset) and the corresponding force-displacement curves (a) and time course of the
bond fraction (b).
force-displacement curve predicted for the small pulse exhibits all features of a viscoelastic
medium (figure 3.11a, blue dashed curve). It starts from an approximately linear regime.
For displacements larger than about 0.5∆xu, a stiffening sets in. The viscoelastic charac-
ter manifests itself in the weak hysteresis, which is due to dissipation in the medium. This
response is characteristic for the white regions in the graphical summary, figure 3.9.
If the relative displacement amplitude is increased by a factor of three, the picture
dramatically changes (figure 3.11a, blue solid curve). The stiffening is now followed by a
pronounced softening at large displacements. The softening is dramatic. Not only does
the slope of the force-displacement curve decrease, it actually becomes negative. From
a phenomenological perspective, this softening resembles a catastrophic plastic yield or
fracture event. The yield threshold is in this case the peak force attained during the pulse.
Mechanism
The “yield” peak force has a different origin than the peak in the steady-state force-
stiffness relation (see figure 3.10a and section 3.4.2). The existence of a yield threshold
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is a consequence of the non-zero driving rate and the finite response time of the bonds.
The typical time scale for a change in the bond fraction at zero external force is k−10 ≡
(k−(f0)+k+(f0))−1. This is the time scale on which the bond fraction would respond to a
small perturbation and provides a natural measure for the driving rates. The displacement
pulse is “fast” in a sense that it reaches its peak in a time small compared to the equilibrium
bond time scale, Tpulse · k0 ≈ 0.3.
For large forces, the relevant time scale is set by the force-dependent off rate k−(f) and
the bond time scale decreases exponentially with the force. Only if the maximum force
that is reached during the pulse is so so large that
k−1− (f) ≈ Tpulse, (3.37)
the bonds can react significantly to the stimulus. The yield force is defined as the smallest
force fulfilling condition (3.37). A “large” deformation in this context is a deformation
that leads to forces larger or equal than the yield force.
Microscopically, the yielding is realized by a pronounced decrease in the average frac-
tion of closed bonds, i.e. by a net bond opening (figure 3.11b). This net bond opening
changes the average distance between closed binding sites (see section 3.3.2) and therefore
the network structure. The decrease in the bond fraction can thus be considered as a sim-
ple way to passively remodel the network. The yielding discussed above is then a drastic
form of stimulated passive remodeling.
As a matter of fact, the yielding is not a discrete event. This is to say that if a force
fy causes drastic passive remodeling, then a slightly smaller force will still cause the same
effect, but to a lesser extent. Due to the pronounced strain stiffening and the exponential
force dependence of the rates, however, this blurring of the yield force is usually narrow
with respect to the yield force itself.
Rate- and amplitude dependence
From the above discussion, it is apparent that the yield force has to depend on the force
rate f˙ . The dependence can be estimated to
Tpulse ' fyf˙−1 ' k−1− (fy) ⇒ fy∆xb ≈ LW
(
const.×∆xbτ0eE f˙
)
, (3.38)
with the positive real branch LW(x) of the Lambert W function. Equation (3.38) is com-
pared to numerically obtained peak forces for two different parameter sets in figure 3.12b.
For the large amplitude example, we noted that one can identify the peak force reached
during the pulse (figure 3.11a) with the yield force. This statement can be generalized.
If the driving amplitude is so large that the force reaches the yield threshold, then the
peak force approximately equals the yield force. The reason is that once the yield force is
reached, a strong softening sets in and the force cannot increase further. This finding has
important consequences. From the definition of the yield force, equation (3.38), one sees
that it does not depend on the amplitude of the driving pulse. Therefore, for large pulses,
the peak force reached during the pulse is independent of the pulse amplitude. This is
exemplified in figure 3.12d, where the peak force is plotted versus the pulse amplitude for
a fixed rate and for two different parameter sets. Once the amplitude is larger than some
threshold, the peak force is nearly constant.
The amplitude-independence of the peak force also has consequences for the net amount
of bonds that break during the pulse. It leads to the perhaps surprising conclusion that
the amount of remodeling should to a good approximation only depend on the amplitude
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Figure 3.12: Orthogonal rate and amplitude dependences of peak force and bond breaking.
(a) Weak dependence of the minimum bond fraction during the pulse on the average force
rate. (b) Nearly logarithmic dependence of the peak force on the average force rate (symbols).
Dashed lines are fits by equation (3.38) with prefactors 1.5 and 1.4 and scaling constants 1.4
and 0.4 for blue and red, respectively. (c) Minimum bond fraction during the pulse vs pulse
amplitude. Lines are guides for the eye. (d) Once the yield force is reached, the peak force
is nearly independent of the amplitude. Lines are guides for the eye. Parameters are given
by the stiff (blue) and soft (red) parameter set, see table A.2. For a and b, amplitudes are
γˆ/∆xu = 4.1 (blue) and γˆ/∆xu = 3.3 (red). For c and d, pulse durations are Tpulsek0 = 2
(blue) and Tpulsek0 = 0.27 (red).
and not on the rate, as explained in the following. It is easily understood that at fixed
rate, the amount of remodeling has to depend on the amplitude (see figure 3.12c, where
the minimum bond fraction reached during the pulse is displayed in dependence of the
peak amplitude for fixed average deformation rate). Increasing the amplitude at fixed
rate means increasing the pulse duration. Because the peak force does not depend on
the amplitude, this implies that the bonds experience the same external force for a longer
time, therefore more bonds should open. Note that this argument only holds if the bonds
cannot fully equilibrate during the pulse.
Using a similar argument, one can understand the approximate rate independence of
the change in bond fraction. The argument relies on the definition (3.38) of the yield
force, which we have identified with the peak force. It states that the off rate at the yield
force equals the time Tfy it took to reach the yield force, k−(fy) ≈ const.×Tfy . This time
can approximately be identified with the (half) duration Tpulse of the pulse, Tfy ∼ Tpulse.
The decay in the bond fraction during the pulse is given by the product of off rate and
duration, ∆ν ∼ k−(fy) ·T ≈ const. ·T/T ∼ 1. Therefore, the duration (i.e. the rate) drops
out of the expression. Note that this argument is strictly valid only in linear response.
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That it nevertheless holds true to a good approximation is demonstrated by figure 3.12a,
where the variation of the minimum bond fraction reached during the pulse with the force
rate is depicted for two different parameter sets. For these parameters, the minimum bond
fraction only displays a weak nonmonotonic rate dependence.
Recovery and extraction of relaxation times
As demonstrated above, fast external driving can lead to a significant deviation of observ-
ables from their force-free equilibrium values. These deviations can still be present after
cessation of the external perturbation. Apart from of quick relaxation of the internal force,
the reason is mainly the dynamics of the bond fraction, equation (3.4). Depending on the
value of the on rate (equation 3.1) at zero external force, it can take a significant amount
of time until the bond fraction has reached its steady-state value. Because the observ-
ables such as the linear stiffness or the loss angle depend on the bond fraction (compare
section 3.3.2), they also display a slow recovery (figure 3.13).
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Figure 3.13: Passive recovery of the normalized storage modulus (a) and loss angle (b) from
strain pulses for the stiff (blue lines, γˆ/xu = 4.1) and soft (red lines, γˆ/xu = 3.3) parameter
set, see table A.2. Observables are normalized to their respective pre-stretch values.
Using the simple first-order kinetic scheme for the bond fraction, equation (3.4), the
relaxation of the observables is nearly exponential. The relaxation time scale k−10 of the
bond fraction is determined by k−10 ∼ (k+(f0) + k−(f0))−1, with the on and off rates
from section 3.2 and the steady-state prestressing force f0. However, the corresponding
“effective” relaxation time τr of the observable is not exactly given by the bond time scale.
The reason is that the recovery is filtered by the ν-dependence of the observable (e.g.
the storage modulus). Thus, one does not observe the actual (“microscopic”) relaxation
process and therefore only measures an apparent relaxation time. Only for observables
possessing a not too complicated ν-dependence, one can expect the apparent relaxation
time to be somewhere near the “actual” one of the bond fraction.
The apparent relaxation times can be estimated from numerical data (as, e.g. from
figure 3.13) by fitting an exponential function (equation (2.2)). Performing this procedure
for two example parameter sets at various strain amplitudes reveals that τr depends on
the driving amplitude and also on the particular choice of the observable (figure 3.14).
The relaxation time obtained from the storage modulus (figure 3.14a) is close to the
“true” bond time scale, i.e. τr · k0 ≈ 1. Therefore, the storage modulus is in principle
suitable to obtain an order-of-magnitude estimate of k0. There seems to be a tendency to
underestimate the microscopic relaxation time for small amplitudes and to overestimate
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Figure 3.14: Apparent relaxation times obtained from the storage modulus (a) and the loss
angle (b) versus the strain amplitude for the stiff (blue curves) and soft (red curves) parameter
set, see table A.2.
it for large amplitudes.
The estimate from the loss angle (figure 3.14b), in contrast, seems to be rather unre-
liable. Not only can τr · k0 significantly deviate from one, but also the variation of the
estimate with the amplitude is not systematic among parameter sets. One reason is pre-
sumably that the relaxation of the loss angle can deviate strongly from the exponential
shape (compare figure 3.13b). This, in turn, can be traced back to the definition of the
loss angle, δ = arctan(g′′/g′). In the fraction, the “regular” behavior cancels out. This
is to say that if both loss and storage modulus possessed the identical dependence on the
bond fraction, the loss angle would be constant. What is obtained from the loss angle are
therefore deviations from the ideal situation. These deviations are very sensitive to other
influences, in particular to small changes in the force.
Discussion of experimental results
Relaxation curves similar to figure 3.13 have been related to a fludidization of the material
and have been observed for various cell types (Trepat et al., 2007). In contrast to the
predictions from the theory, however, the relaxation in cells resembles a power law and
not an exponential. We nevertheless propose the mechanism explored in this chapter as the
physical foundation of the fluidization effect. The different shape of the recovery curves
could be due to the fact that in addition to the passive recovery, also active processes
contribute. Indeed, evidence that active processes constitute a large part of the recovery
has been reported (Trepat et al., 2007; Krishnan et al., 2009; Chen et al., 2010).
Systems where active processes do not play a role are the actin/HMM networks, which
were subjected to extensive rheological experiments (reported in chapter 2). We demon-
strated in section 2.3.1 that this system does display a phenomenology which strongly
resembles the fluidization response in cells. The one key difference we found was that
for the actin network, the perturbations decayed exponentially, in accordance with the
predictions of the theoretical model. One result of the data evaluation in section 2.3.1 was
that the relaxation time for 10% strain amplitude was not consistent with the relaxation
times for higher amplitudes. Taking into account the prediction that the apparent relax-
ation time increases with the amplitude, this initially puzzling observation appears rather
natural.
The inlastic Gwlc theory moreover proposes that the relaxation times extracted
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from the data are a reasonable order-of-magnitude estimate for the typical time scale
of crosslinker kinetics. From table 2.1, we estimate the actin/HMM relaxation time k−10 to
250 s. In the absence of a prestressing force, k0 is defined as k0 = k+(f = 0) + k−(f = 0).
One thus obtains a relation between the the zero-force on and off rates,
k+(0) + k−(0) ≈ 4× 10−3s−1. (3.39)
If one rate could be obtained from an independent measurement, one could estimate crucial
parameters such as the energy difference U between bound and unbound state via the
relation eU = k+/k−, which in turn can be used to determine the equilibrium fraction
of closed bonds. From the data presented in section 2.3.1, one cannot expect to obtain
a quantitative statement, because they are pooled over many experimental conditions to
get acceptable statistics. One nevertheless can perform an order-of-magnitude estimate by
searching the biochemical literature for suitable information. Marston (1982) reported for
the dissociation rate of an actin/HMM bond k−(0) = 1.3× 10−4s−1. Inserting this value
into equation (3.39) yields an effective association rate of 2.7×10−3s−1. The corresponding
values of U and ν0 are U ≈ −0.4 and ν0 ≈ 0.4. These are close to the respective values of
the soft parameter set (table A.2).
Summary
To summarize this subsection, we found that the inelastic Gwlc responds to large, fast
displacement pulses with an amplitude-dependent fluidization. The peak force reached
during the pulse is determined by the deformation rate and independent of the amplitude.
After pulse cessation, the material slowly recovers it equilibrium state. The predicted
recovery resembles the experimental recovery curves for actin/HMM solutions reported in
section 2.3.1 and the theory can be used to extract kinetic parameters from the data.
3.4.4 Inelastic yielding regime: Oscillatory loading
We now proceed to more complex loading protocols than the single pulse considered in
the last subsection. We study the response of the inelastic Gwlc to large, nonlinear
oscillations (see figure 3.15a, inset) with various amplitudes. Periodic nonlinear loading is
of great physiological importance, for example for breathing or heart beating. A similar
protocol was already presented in section 2.2.2, where nonlinear oscillations were applied
to an actin/HMM network. Ten cycles of a fixed amplitude are applied to the system.
Then, the amplitude is increased for ten further cycles, and so on.
Force-displacement curves
Let us first qualitatively examine a set of typical force-displacement curves for this driving
protocol for two characteristic parameter sets (figure 3.15). The first parameter set is
derived from the stiff set (table A.2), where the prestressing force was set to zero. In the
absence of prestressing, the inversion symmetry assumed in the model (see sections 3.2
and 4.4) is particularly obvious in the responses. That this assumption is justified for
shearing experiments with biopolymer networks is suggested by comparison of figure 3.15a
with figure 2.8 in section 2.3.2.
The curve for the first cycle after increasing the stimulus amplitude (figure 3.16a, solid
blue curve) looks similar to the large amplitude curve for pulsed loading (figure 3.11a).
One observes a strong stiffening, which terminates in a peak force and there suddenly
changes into a softening. This indicates that the system is in the inelastic yielding regime.
3.4. PHENOMENOLOGY OF THE INELASTIC GWLC 55
a b
−100
−50
0
50
100
f/
f T
−2 −1 0 1 2
γ/xu
γ
t
10
20
30
40
50
f/
f T
−2 −1 0 1 2
γ/xu
Figure 3.15: Nonlinear force-displacement curves of the inelastic Gwlc for oscillatory dis-
placement driving for a stiff parameter set with vanishing prestressing force (a) and a soft
parameter set with small but non-zero prestressing force (b). Solid colored lines: first cycle
after amplitude increase. Dashed lines: curves for two subsequent cycles. Inset: Sketch of the
driving protocol.
The shape of the force-displacement curves for subsequent cycles is markedly different
from that of the first cycle (figure 3.15a, dashed black lines). No signs of yielding are
present in the curves. They rather resemble the small-amplitude curve in figure 3.11,
indicating that the system underwent a transition to the viscoelastic regime. Of course,
by definition of the protocol, the displacement amplitude has not changed. What has
changed is the stiffness of the material, due to the pronounced initial remodeling. The
material has been “shaken down” to a softer state by the initial cycle. Because the shake
down is so pronounced, the driving amplitude is not large enough any more to reach the
yield force.
A further yielding event can only be stimulated by further increasing the driving am-
plitude to reach the yield force again. This provides the system with a “strain memory”.
Once it has been shaken down at a certain displacement amplitude, it will only respond by
inelastic yielding to stimuli with higher amplitude. The mechanism is easily understood
in terms of the dynamic “phase diagrams” (figure 3.9). A shake-down temporarily deflects
the bond fraction from its equilibrium value (see below). If the bond dynamics is slow
enough, the system “feels” a new quasi-steady-state bond fraction. The effect is similar to
decreasing the energy difference U , thus inducing a temporary transition from figure 3.9b
to figure 3.9a.
For the soft parameter set (figure 3.15b, parameters given in table A.2), the situation
is markedly different. The most obvious difference is a trivial one, namely a non-zero pre-
stressing force. As a consequence, forces stay positive. Therefore, the force-displacement
curve lacks the “mirror-image” at negative forces. Beyond that, the non-zero prestressing
force does not affect the qualitative behavior of the system (recall that the parameters
are defined such that the prestressing force does not enter the bond kinetics). Apart
from the baseline shift in the force, there are much more interesting differences which
are related to different values of the bond parameters E and U . The zero-force bond
time scale k−10 = (k+(f0) + k+(f0)
−1) of the soft system is larger by a factor of nearly
300, kstiff0 /k
soft
0 ≈ 284. Moreover, because the steady-state stiffness is lower, the forces
reached during the oscillations are lower than for the previous example. Taken together,
this implies that the bond fraction responds less (compare also figure 3.16d). The force-
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displacement curve for the first cycle after amplitude increase (red line in figure 3.15b)
only marginally differs from the respective curves in subsequent cycles (dashed lines), and
yielding events are not apparent.
Nonlinear modulus
For a systematic study of the differences, we turn to a more quantitative analysis. We use
the same nonlinear stiffness measure K¯ as for the analysis of the experimental data from
the nonlinear oscillatory protocol (section 2.3.2). K¯ is defined as the ratio of the maximum
force reached during one cycle and the displacement amplitude, K¯ = (fˆ − f0)/γˆ. For the
soft parameter set, one has to be careful to subtract the prestress to avoid artificial biases.
Because we want to establish contact to macroscopic experiments, we not only report the
microscopic nonlinear modulus (with f ≡ fB, symbols in figure 3.16a and b), but also the
“macroscopic” modulus where an additional softening (section 3.3.1) is taken into account
(with f ≡ ν · fB, dashed lines in figure 3.16). Both moduli differ only marginally. We
therefore restrict the discussion to the microscopic nonlinear modulus.
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Figure 3.16: Numerical results for the material response to nonlinear oscillations. (a,b) Mi-
croscopic (symbols) and “macroscopic” (dashed lines) nonlinear stiffness vs cycle number. The
microscopic modulus is computed from the bond force fB, whereas the macroscopic modulus
is calculated from fext = ν · fB. The macroscopic modulus is normalized by the initial steady-
state bond fractions. Inset: Close-up of the first ten cycles from panel b. (c,d) Time-dependent
bond fraction. Parameters are given by the stiff parameter set with zero prestress (blue) and
the soft parameter set (red), see table A.2. Amplitudes are 0.48× {1, 2, 4, 6, 8, 10} (blue) and
0.30× {1, 2, 4, 6, 8, 10} (red).
Plotting K¯ vs the cycle number yields complex curves with many features (figures 3.16a
and b), including peaks, steps, changes in the plateau values, relaxations, and changes in
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time scales. However, it will turn out that all these features are simply a superposition of
the effects already discussed above.
Let us first concentrate on the change in the plateau values for the stiff parameter
set (figure 3.16a) and for the moment ignore all other features. One can be sure that
the plateau values reflect true steady-state quantities, because the bond time scale is on
the order of the oscillation period (note the strong oscillations in the bond fraction for
high amplitudes, figure 3.16c). One can therefore interpret the plateau values as a steady-
state stiffness. The first increase of the displacement amplitude leads to a slightly higher
stiffness, the subsequent increase to a much higher stiffness value. The following displace-
ment amplitude increases, however, cause a decrease in the plateau value, i.e. the trend
is reversed. Recalling that only the absolute value of the force enters the bond kinetics
(section 3.2), one immediately concludes that an increase in displacement amplitude leads
to an increase in the average force experienced by the bonds. Thus, the change in plateau
values is obviously a symptom of the nonmonotonic equilibrium stress-stiffness relationship
(figure 3.10a).
The peaks in K¯ appearing upon amplitude increase are signatures of dynamic yielding
events and the corresponding peak forces (section 3.4.3). The amplitude of the peaks in
K¯ by definition is given by the peak force divided by the displacement amplitude. Thus,
it is bound to decrease with increasing displacement amplitude once the yield threshold
is reached, because the peak force depends on the displacement amplitude only indirectly
via the rate and this dependence is only logarithmic. The underlying decrease in bond
fraction can nicely be seen in figure 3.16c.
If the yield force is reached during the cycle, the yielding takes place very fast com-
pared to the oscillation period. Still, for the subsequent cycles, some residual shake down
appears. In figure 3.16a, there seems to be the trend that the shake down is faster for large
displacement amplitudes, but no conclusive statements are possible due to the time-scale
separation between oscillation period and bond time scale.
The phenomenon of shake-down can be examined much better for the soft parameter
set (figure 3.16b), where in a way the opposite time-scale separation holds: the oscillation
period is here much shorter than the fastest bond time scale. This implies that the
peak forces are below the yield limit and that the system is close to the viscoelastic
regime. In this case, the bond dynamics can be coarse grained over the oscillation period.
Equivalently, one can replace the oscillating force by an effective, non-oscillating one.
Note that in general the effective force of the coarse-grained bond fraction is different
from the oscillation-averaged force. Nevertheless, for not too large amplitudes one expects
an exponential relaxation with a characteristic time on the same order of magnitude as
the equilibrium relaxation time (see section 3.4.3).
This expectation is indeed confirmed (figure 3.16b). In the first 30 cycles, the very slow
shake down curves could be mistaken as plateaus in combination with equilibrium stress
stiffening. However, the increase in the apparent plateau value cannot be a signature of
equilibrium stress stiffening (as for the stiff parameter set), because it is known that for
the soft parameter set this phenomenon is not present (figure 3.10a). Indeed, already for
the first ten cycles, the plateau is slightly slanted (figure 3.16b, inset). For higher and
higher amplitudes the plateaus get more and more slanted, until an exponential relaxation
becomes apparent at about 60 cycles. Thus, the initial plateaus are simply very gentle
realizations of shake-down.
In figure 3.16b and d, the characteristic shake-down time decreases with the displace-
ment amplitude. For large displacement amplitudes, this is a natural consequence of
the monotonically increasing force-dependence of the off rate (equation (3.2)), because
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at large forces, the off rate dominates the relaxation. For small forces, however, the on
rate may dominate. Therefore, the characteristic bond relaxation time can depend non-
monotonically on the force. For this reason and because of the nonlinear force-dependence
of the bond kinetics (that breaks the equivalence of the oscillating force with the time-
averaged force, see above), the change of shake-down time with the displacement amplitude
is not easily predicted.
Discussion of experimental results
The insight gained from numerically evaluating the Gwlc for experiments on the two
example parameter sets and from the associated discussion enables us to interpret the
experimental data reported in section 2.3.2 in terms of the phenomenology of the inelastic
Gwlc. Altogether, the behavior of the experimental system seems to lie between the
stiff and the soft parameter set. One observes initial equilibrium stress stiffening, followed
by softening. One finds signatures of peak forces, which seem to lie slightly below the
yield force, and passive remodeling and recovery in the form of a gradual shake down
is observed. Moreover, the shake down becomes faster for increasing strain amplitudes,
as asymptotically predicted by the simple, Bell-like bond kinetics (equations (3.2)-(3.4)).
As already mentioned in section 2.3.2, the shake-down time scales are consistent with
the relaxation times from pulsed loading, section 2.3.1. The fact that only a gradual
shake-down and no clear yielding event is observed is consistent with the outcome of the
pulsed-loading experiments (section 2.3.1), where even for large strains only a moderate
fluidization has been observed. If one had to sketch a graphical summary – as in figure 3.9
– for the actin solution, it would be similar to the “low-U” diagram, figure 3.9a, with the
yielding regime only at high rates and amplitudes. Note that this is consistent with the
value of U ≈ −0.4 estimated in section 3.4.3.
3.4.5 Quasi-plastic regime
We now discuss what we called the “quasi-plastic regime” in section 3.4.1. This notion was
chosen because in this regime, the material behaves as if it was a plastic body. To reveal
this behavior, the loading protocols have to be sufficiently smooth and steady (compare
also figure 3.9). The paradigmatic loading protocol is a trapezoid (see figure 4.1b in
section 4.3.2) with gentle ramp slopes Γ˙ and ramp and plateau durations T1 and T2 that
are long compared to the bond time scale. Note that in this regime, the influence of a
possible irreversible plastic bond strain (which has been neglected so far) could become
important. We nevertheless explore the predictions of the reversible theory and see how far
it takes us. To this end, we combine numerical evaluations of the full inelastic Gwlc with
analytic calculations on a simplified schematic model. True irreversible plastic behavior
will be discussed in section 3.5.1.
Predictions of the inelastic GWLC
Before turning to numerical evaluations of the inelastic Gwlc and analytical calcula-
tions of a schematic model, let us try to predict the qualitative features of a force-
displacement curve from the previous experience with the model. We expect a hysteretic
force-displacement curve with a monotonic increasing, possibly exhibiting some viscoelastic
stiffening at intermediate forces. At high force, a weak softening will occur and relaxation
during the plateaus will be apparent through jumps in the force-displacement curve at the
turning points. These expectations are based on the following line of arguments. From the
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slip-bond behavior, it is obvious that the bond fraction will progressively decrease with
increasing displacement. Further, because of the slow deformation time scale, no sudden
yielding can take place. Even stronger, at slow deformations one does not expect a peak
at all, because the steady-state stiffness is always positive (see section 3.4.2). Finally, be-
cause the driving occurs at non-zero speed, additional hysteresis and relaxation effects are
expected to be caused by the time-dependent bond fraction. In particular, if the system
is held at a constant, non-zero deformation, one expects a relaxation towards the initial
prestressing force f0, which is lower than the holding force. If in the end of the experiment
the system is driven back to zero displacement the force is supposedly lower than f0.
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Figure 3.17: Response of the inelastic Gwlc to trapezoidal displacement stimulus for various
rates (Γ˙τ0e
E/Γˆ = 0.006 (solid line), 0.15 (dot-dashed line), and 0.3 (dashed line), respectively).
(a) Force-displacement curves. (b) Time-dependent bond fraction. Inset: Force-displacement
curve for very high rate, Γ˙τ0e
E = 3.1. Parameters are E = 6.2, u = 1.9 , ∆xu = 0.072, and
f0 = 0.16. Due to numerical issues, neither the soft nor the stiff parameter set could be used
(see section 4.3).
That these expectations are indeed fulfilled is demonstrated in figure 3.17. The force-
displacement curves (figure 3.17a) exhibit hysteresis and soften toward high forces. For
low rates (solid line), the softening starts already at zero displacement whereas for higher
rates (dot-dashed and dashed lines) the softening starts at finite displacements. For these
rates, one observes a transition from a first (stiff) linear regime to a second (soft) linear
regime. This phenomenology resembles plastic deformations, where an initial elastic linear
regime is followed by a linear kinematic hardening regime that also features a linear force-
displacement curve. For very high rates (inset) one recovers the inelastic yielding regime
with initial viscoelastic stiffening followed by inelastic yielding.
No sudden changes in bond fraction accompany the deformations (figure 3.17b). The
reason is that the stimulus is slow enough so that the bond fraction can almost keep up
with the force. The behavior of the bond fraction is crucial for the quasi-plastic appear-
ance of the force-displacement curves, because it slightly overcompensates the viscoelastic
stiffening. Below, this mechanism is discussed in more detail.
Schematic model and constitutive equations
From figure 3.17, it is suggestive that the quasi-plastic phenomenology of the inelastic
Gwlc is dominated by bond breaking. For a better understanding of the mechanism, it is
convenient to reduce the complexity of the model. We therefore use a simplified schematic
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model that captures the main features of the inelastic Gwlc (viscoelastic stiffening, bond-
induced softening, and the force-dependent bond kinetics), similar to the approach in
section 3.4.5. The schematic model concentrates on bond-breaking effects and uses the
same reversible bond kinetics as the inelastic Gwlc. The simplifying assumptions are an
inversely linear dependence of the susceptibility on the bond fraction, an exponential strain
stiffening, the absence of dissipation apart from bond breaking and, as for the inelastic
Gwlc, the absence of irreversible plastic deformations. With these simplifications, we
can express crucial bond-related quantities such as the current- and the steady-state bond
fraction in the context of plasticity theory, relating them e.g. to a rest length and a rest
force. One should keep in mind, however, that despite of the formal similarity to plastic
deformations, the quasi-plastic equations derived below are essentially a reformulation of
the bond kinetics and thus intrinsically reversible. As demonstrated in figures 3.18 and
3.19, the schematic model captures the qualitative features of the inelastic Gwlc, such as
kinematic hardening and the transition to the inelastic yielding regime.
We now define the model in detail. We assume an exponential strain-stiffening relation
between the force f and the relative viscoelastic deformation (in section 3.4.5, we consid-
ered stress stiffening, which is merely a different parametrization of the same physical
effect). Exponential elasticity is common among biomaterials (Fung, 1993; Fernandez and
Ott, 2008) and a similar force-extension behavior is also exhibited by the inelastic Gwlc.
We use a functional form of the force that is antisymmetric with respect to the point of
zero elastic deformation at λ = 1,
f ∝ (λ− 1)eα(λ−1)2 . (3.40)
Therefore, this force-extension relation is suited to describe shear experiments, but not
experiments where the sample is compressed as, e.g., in a microplate rheometer. In this
formulation, the point λ = 0 has no distinguished meaning. Implicit to the bijective
force-extension relation is the assumption of a purely elastic response, i.e. viscoelastic
creep is not considered, here. A dissipative component is nevertheless introduced by bond
breaking.
To identify the key players in the quasi-plastic behavior, we cast the simplified model
into a form that emphasizes common aspects to plasticity theory. As a starting point, the
current length L is written as the initial length L0 times a nonlinear response function α
nl
L = L0α
nl(f, ν(f)). (3.41)
The nonlinear response αnl is supposed to depend on the force (stiffening) and on the bond
fraction ν (softening). We now assume that the nonlinear response can be decomposed
into a bond-dependent part ν0/ν and an elastic part α
nl
e that only depends on the initial
steady-state bond fraction ν0 and the force-dependence of which is given by equation (3.40),
αnl(f, ν(f)) =
ν0
ν
αnle (f, ν0). (3.42)
The dependence on ν is the simplest choice that leads to softening for decreasing ν.
The current length L is now decomposed into the elastic relative extension
λ = αnle (f) (3.43)
and a quasiplastic rest length
L = L0ν0/ν. (3.44)
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The minimum rest length L that can be attained by the system is L0ν0, namely in the
case when all bonds are closed.
By the force-dependence of ν, the rest length, equation (3.44), also depends on the
force. A fruitful concept from plasticity theory is the notion of a rest force F , which is
the force under which the plastic length remains constant. It defines the center of the
yield surface in stress space and is therefore the crucial parameter for kinematic hardening
(Haupt, 2002). According to equation (3.44), L˙ = 0 if ν˙ = 0. One can therefore obtain an
equation for the rest force from the condition
F : ν˙(t)|F = 0, (3.45)
with ν˙ given by equations (3.1)-(3.4). For a given force f ,
ν˙|f = 0⇔ ν =
(
1 + e(∆xb+∆xu)f−U
)−1
. (3.46)
F can be found by solving for f ,
(∆xb + ∆xu)F = U − ln
(
ν
1− ν
)
. (3.47)
We emphasize that F is not the actual force, but that it is the force that would have to be
maintained to render the current bond fraction (or the current quasi-plastic rest length)
stationary. In terms of L, F reads
(∆xb + ∆xu)F = U + ln
( L
L0ν0
− 1
)
, (3.48)
or
(∆xb + ∆xu)F˙ = L˙L − L0ν0 . (3.49)
Thus, bond breaking leads to the phenomenology of logarithmic kinematic hardening,
i.e. a logarithmic increase of the rest force with the quasi-plastic deformation rate. The
particularly simple form of the kinematic hardening equation (3.48) is due to the simple
exponential dependence of the on and off rate, equations (3.1) and (3.2). Note that F is
finite for L > L0ν0. Moreover, F increases with L and by definition of ν0, equation (3.5),
F = 0 for L = L0.
It is now known at which point in force space the (quasiplastic) yield surface is centered.
The next step is to find out what happens if one displaces the system from this point
by a so-called overstress ∆f . We aim at a flow rule, connecting the rate of change L˙
of quasiplastic length to the overstress. We start from the force-dependent dynamics,
equation (3.4)-(3.2), of the bond fraction ν and use the substitution f = F + ∆f ,
τ0e
Eν = −
(
e∆xbF · e∆xb∆f + e−∆xuF+U · e−∆xu∆f
)
ν + e−∆xuF+U · e−∆xu∆f . (3.50)
Using equation (3.48), we can eliminate F , yielding
e∆xbF = e∆xb·U/(∆xb+∆xu) ·
( L
L0ν0
− 1
)∆xb/(∆xb+∆xu)
(3.51)
and
e−∆xuF+U = e(1−∆xu/(∆xb+∆xu))·U ·
( L
L0ν0
− 1
)−∆xu/(∆xb+∆xu)
= e∆xb·U/(∆xb+∆xu) ·
( L
L0ν0
− 1
)−∆xu/(∆xb+∆xu)
. (3.52)
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Together with the relation between ν and L, equation (3.44), and some straight forward
algebra, the flow rule becomes
e−·U · τ0eE · L˙L ·
( L
L0ν0
− 1
)−
=
(
e∆xb∆f − e−∆xu∆f
)
, (3.53)
where we introduced the abbreviation  ≡ ∆xb/(∆xb + ∆xu). By equation (3.53), given
an overstress history ∆f(t), the quasiplastic length L is uniquely determined. Obviously,
L˙ ≶ 0 for ∆f ≶ 0 and L˙ vanishes for vanishing ∆f . Equation (3.53) can be integrated to
yield
2F1
[
, ; 1 + ;L0ν0/L(t′)
] · (L0ν0/L(t′))∣∣∣0
t′=t
= e·Uτ−10 e
−E ·
∫ t
0
dt′
(
e∆xb∆f − e−∆xu∆f
)
. (3.54)
2F1 is the ordinary hypergeometric function. For reasonable values of  ( . 0.1, see
appendix A.4) the hypergeometric function approximately equals one for all L0ν0/L ≥ 1.
To a good approximation, the quasiplastic deformation therefore reads
L(t)
L0ν0
=
{
ν−0 −  · e·Uτ−10 e−E
∫ t
0
dt′
[
e∆xb∆f(t
′) − e−∆xu∆f(t′)
]}−1/
, (3.55)
where we used that by construction, L(0) = L0.
At this point, some remarks are in order. Starting from the bond kinetics and a
generic, simplified mechanical model, we were able to meaningfully define a quasiplastic
deformation L, rest force F , and overstress ∆f and to derive a set of governing equations
for these quantities. The underlying bond breaking introduces a new mode of deformation,
that modulates the “usual” elastic one. Changing the fraction of closed bonds leads to a
change in length without affecting the elastic mode. We can therefore interpret net bond
breaking as yielding events. Because to each bond fraction, a unique force is associated
under which the bonds are stationary, kinematic hardening is a inevitable consequence of
the bond breaking hypothesis. The resulting force-displacement curves are equivalent to
their truly plastic counterparts in metal plasticity. A key difference is, however, that the
bond fraction, and with it the quasi-plastic length L, relaxes to a unique kinetic equilibrium
state, leaving behind no irreversible bond-induced deformations in the absence of stimulus.
That is why the model is called reversible inelastic, in contrast to irreversible truly plastic
materials.
Evaluation of the schematic model
Typical force-displacement curves of the simplified schematic model in response to a trape-
zoidal stimulus (see section 4.3.2) for various rates are shown in figure 3.18a. Obviously,
the hysteresis decreases for decreasing rate. This is plausible from thermodynamic consid-
erations, as the dissipation from bond breaking goes to zero as a quasistatic deformation is
approached. In terms of the constitutive equations, it is the overstress ∆f that determines
the hysteresis (recall that viscoelastic dissipation is disregarded, here). If the overstress
upon unloading is exactly opposite to the overstress upon loading, then L will follow the
same curve for loading and unloading and no hysteresis occurs. The overstress, in turn,
depends on how well the rest force F is adapted to the current force f . Because the
rest force is essentially given by the inelastic deformation, this amounts to the question
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Figure 3.18: Response of the simplified schematic model to a trapezoidal displacement
stimulus for various rates, Γ˙τ0e
E/Γˆ = 0.001 (solid line), 0.16 (dashed lines), and 0.4 (dot-
dashed lines), respectively, evaluated from equations (3.40), (3.49), and (3.53). (a) Force-
displacement curves. (b) Time-dependent overstress ∆f normalized to the residual force
∆fr = ∆f(t = 3Γˆ/Γ˙) immediately after unloading.
of how the displacement is distributed between elastic and inelastic deformation. For low
rates, the inelastic deformation is nearly equilibrated under the current force which is
then proportional to the rest force, and so is ∆f (figure 3.18b). For high rates, an over
proportional amount of force is stored in the elastic deformation mode. This breaks the
symmetry between loading and unloading and leads to hysteresis.
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Figure 3.19: Response of the simplified schematic model to a trapezoidal displacement stim-
ulus for high rates, Γ˙τ0e
E/Γˆ = 0.001 (dotted lines), 0.16 (solid lines), 1 (dashed lines), and 1.7
(dot-dashed lines), respectively. (a) Force-displacement curves. (b) Time-dependent inelastic
rest length.
For very high rates, the “yielding behavior” discussed in section 3.4.3 is recovered
(figure 3.19). We note that the definition of the inelastic rest length L ∼ 1/ν is consistent
with the notion of yielding used in section 3.4.3 in the sense that for high rates, the time
of the force peak correlates to the time where L starts to significantly differ from one
(figure 3.19). For lower rates, this transition is much smoother. In the terminology of
plasticity theory, the yield force introduced in section 3.4.3 quantifies the radius of the
yield surface, whereas the rest force F represents its center, as discussed above. The
kinematic hardening at the same time acts to blur the yield threshold. It is too slow to
be of noticeable effect for the highest rates, but it nearly erases the yield threshold from
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the force response for very low rates (figure 3.18).
A set of plastic constitutive equations for cells was recently proposed by Fernandez and
Ott (2008). The equations are purely phenomenological and a mathematical relation to our
constitutive equations cannot easily be obtained. Still, we note that the phenomenology
described by the equations of Fernandez and Ott (2008) is very similar to the effects
discussed here. A more detailed discussion of the results obtained by Fernandez and Ott
(2008) is given in section 3.5.1.
3.5 Extensions of the model
In the first part of this chapter, the behavior of the reversible inelastic Gwlc in the
presence of slip bonds has been discussed. In this section, we explore the consequences of
irreversible plastic flow and catch-bond behavior.
3.5.1 Irreversible, plastic deformations
In section 3.4.5, it was found that the reversible inelastic model can exhibit a quasi-
plastic phenomenology and in particular kinematic hardening for slow deformations. The
apparent plastic behavior was due to a bond-breaking induced softening. However, for slow
deformations, one can also expect contributions from true plastic flow. This contribution
is considered in the following.
Modeling plastic flow
Plastic deformations in crosslinked biopolymer networks fundamentally differ from the
plasticity of solids. In biopolymer networks, the elastic and plastic deformation modes
are strongly coupled. Both take place through rearrangement of the network. One can
imagine plastic deformations as elastic deformations that have been made permanent by
forming new bonds and thereby releasing (or possibly also freezing in) stress. Thus, one
can expect the plastic deformation rate Γ˙p to be proportional to the elastic (shear) strain
λ. For describing cells, one has to take into account the principle of homeostasis, which
states that mutually antagonistic effects balance each other (Cannon, 1932; Adolph, 1961).
Applied to mechanics, we therefore assume that the elastic forces balancing the internal
prestress in resting cells do not contribute to the plastic flow. In other words, the resting
cell (i.e. in absence of motility, spreading, etc.) is not supposed to undergo net flow under
its own prestress. The effective elastic deformation is therefore a function of the difference
between external and prestressing force, ∆leff ∝ λ(f − f0). The rate at which new bonds
can form is given by the on rate k+ and by the population (1− ν) of the unbound state.
Assuming that stress has been released by unbinding, the rebinding rate k+ is evaluated
at zero external force, f = f0. We thus write
Γ˙p(t) ∼ k+(f0) · λ[f(t)− f0] · {1− ν[t, f(t)]} (3.56)
for the rate of plastic deformations. As a matter of fact, there is some ambiguity in
choosing equation (3.56) and one probably can find arguments for a different form of Γ˙p.
However, equation (3.56) is the simplest meaningful expression that is in accord with
the bond-breaking picture, which is at the heart of this work. It is noteworthy that a
mathematically similar formulation has been employed to model plastic flow of granular
materials (Falk and Langer, 1998; Lemaˆıtre, 2002). There, the flow rate has been related
to the occupation numbers and transition rates of structural states that allow or prevent
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shearing in a given direction, and the kinetic transition rates were assumed to depend
exponentially on stress.
It is important not to confuse the plastic flow rate and rest force introduced here with
the respective quasi-plastic quantities discussed in section 3.4.5. In principle, one can
expect a superposition of plastic and reversibly inelastic effects in the phenomenology of
the full model. Still, for a sufficiently strong plastic contribution, one can assume true
plasticity to dominate the overall response at slow time scales.
Predictions of the flow rule
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Figure 3.20: Force-displacement curves for the simplified schematic model (see main text)
with additional plastic flow (equation (3.56)) for constant prestressing force f0. The protocol
was a trapezoid of amplitude Γˆ = 4 with ramp slope Γ˙ and plateau duration Γˆ/Γ˙. (a) Slow
deformations, rates are Γ˙τ0e
E/Γˆ = 2.5 × 10−3 (dotted), 2.5 × 10−2 (dot-dashed), 7.9 × 10−2
(dashed), and 0.25 (solid), respectively. (b) Fast deformations, rates are Γ˙τ0e
E/Γˆ = 0.25
(dotted), 0.5 (dot-dashed), 0.79 (dashed), and 1.2 (solid), respectively. Parameters: α = 0.5,
f0/fT = 2.7. Other parameters are taken from the soft parameter set (table A.2).
To assess the impact of the additional plastic strain, we again utilize a simplified
schematic model. The total deformation is the sum of elastic and plastic contribution,
Γ(t) = λ(t) + Γp(t). (3.57)
We consider a trapezoidal deformation protocol (see figure 4.1b in section 4.3.2, Γ ≡ 0
in the absence of deformations). The response to deviations from the equilibrium state
λ = 0, f = f0 is given by exponential elasticity
f(λ)− f0 ∝ ν · λ · eαλ2 . (3.58)
The factor of ν in equation (3.58) is a simple way to take into account a softening contri-
bution from bond breaking, similar to the approach in section 3.4.5. Still, the definition of
λ in this section slightly differs from section 3.4.5, because here, λ also keeps track of de-
formations originating from reversible inelastic softening. We checked that the qualitative
results presented below do not depend on the particular details of the implementation.
According to equation (3.56), there is a non-zero plastic flow for forces different from
the prestressing force f0. Thus, in plastic terminology, the prestressing force plays the role
of the rest force. For constant prestressing forces and nearly equilibrated bond fraction,
the flow rate, equation (3.56), is constant and leads to the “ordinary” yield behavior of
a perfectly plastic body (figure 3.20a). Thus, under this assumption, neither kinematic
hardening nor stress stiffening are exhibited.
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For increasing displacement rates, the force-displacement curves gain additional fea-
tures (figure 3.20b). The plastic yielding is replaced by an initial stiffening, which is
followed by a peak in force. This behavior is typical for the inelastic yielding behavior, i.e.
for the transient softening of the material due to bond breaking. Evaluating the relative
contribution of the plastic deformation, maxt(Γp(t)/Γˆ), as a function of the deformation
rate indicates that the time scale for the transition from the irreversible plastic to reversible
inelastic regime is approximately given by the inverse zero-force off rate τ0e
E (figure 3.21a,
bold dot-dashed line). With the decrease of the plastic deformation, the maximum amount
of elastic deformation, maxt(λ(t) − λ(0)), reached during the deformation increases (fig-
ure 3.21a, thick dashed line). We thus conclude that for slow deformations (with respect
to the characteristic bond opening time scale), plastic deformations dominate, but that for
faster protocols in the inelastic yielding regime, plastic deformations are of minor impor-
tance and the predictions of sections 3.4.3 and 3.4.4 remain valid. Note that both curves
give the maximum of the respective contributions attained during the pulse. That is why
both curves do not add to one at intermediate rates.
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Figure 3.21: Rate-dependence of plastic deformations for the schematic model. (a) Maximal
contribution of plastic deformations to the total deformation maxt[Γp(t)/Γˆ] (dot-dashed lines)
and maximum relative change in elastic length maxt[(λ(t) − λ(0))/Γˆ] (dashed lines). (b)
Residual force ∆F = f − f0 immediately after the pulse. For low rates the force can relax
completely during the pulse and ∆F increases with the rate. For high rates, relaxation is only
partial and ∆F decreases with the rate. Thick and thin lines are evaluations for constant
and stimulus-dependent prestressing force (see main text), respectively. Parameters: α = 0.5,
f0/fT = 2.7. The dynamics of f0 was assumed to be slow compared to the bond dynamics, with
a prefactor of 0.1τ0e
E . Other parameters are taken from the soft parameter set (table A.2).
A quantity that provides information about the amount of stored elastic energy im-
mediately after the pulse (or, equivalently, about the amount of force relaxation following
the pulse) is the residual force ∆F at the time t∗ = 3Γˆ/Γ˙ of strain cessation,
∆F ≡ ∆f(t)|t=t∗ ≡ (f(t)− f0)|t=t∗ . (3.59)
It is defined via the overstress ∆f , which is the difference between the external and the
prestressing force. For the plastic deformations, disregarding viscoelastic and inelastic
relaxations, ∆f(t) is given by the force under which the plastic flow rate, equation (3.56),
equals the external driving rate. If the external protocol is slow compared to the time scale
of plastic flow, the plastic flow rate immediately adapts to the driving. ∆f(t) is thus a
piecewise linear function, and it is zero if the displacement is held constant. Because of this
immediate force relaxation during the plateaus, the force has no memory of deformation
3.5. EXTENSIONS OF THE MODEL 67
history reaching beyond the previous plateau. One therefore expects ∆F to increase with
the driving rate in this regime (figure 3.21b, thick line), a behavior familiar from viscous
flow.
Below a certain pulse time, however, the plastic flow is too slow to guarantee a proper
force relaxation. This means that the amount of plastic work per decreases with further
decreasing duration, and therefore also ∆F decreases (compare also figure 3.20b, dashed
and solid lines, the hysteresivity at high forces is largely due to dissipation by reversible
bond breaking). The exact position of the maximum in ∆F (Γ˙) depends on the duration
of the plateau (in the example, the plateau duration is Γˆ/Γ˙).
A possible source of kinematic hardening
So far, we have assumed that the prestressing force is constant. For adherent cells, how-
ever, we know that the assumption of a constant prestressing force is not justified (see
discussion of tensional homestasis and the physiological sheet of mechanical stability in
section 1.1.3). If exposed to enduring stimuli, cells can increase their prestress (Krish-
nan et al., 2009). This reinforcement response is controlled by a biochemical feedback
mechanism (see Bershadsky et al. (2006) for a review) and therefore it is an active cell
response.
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Figure 3.22: Force-displacement curves for the simplified schematic model (see main text)
with additional plastic flow (equation (3.56)) for stimulus-dependent prestressing force f0.
The protocol was a trapezoid of amplitude Γˆ = 1.3 with ramp slope Γ˙ and plateau duration
Γˆ/Γ˙. (a) Slow deformations, rates are Γ˙τ0e
E/Γˆ = 2.5 × 10−3 (dotted), 2.5 × 10−2 (dot-
dashed), 7.9 × 10−2 (dashed), and 0.25 (solid), respectively. (b) Fast deformations, rates
are Γ˙τ0e
E/Γˆ = 0.25 (dotted), 0.5 (dot-dashed), 0.79 (dashed), and 1.2 (solid), respectively.
Parameters are chosen as in figure 3.21.
Because in equation (3.56) the role of the rest force is played by the prestressing force f0,
the reinforcement response of adherent cells can be interpreted as kinematic hardening,
i.e. a rest force that depends on the deformation history. A detailed modeling of the
biological reinforcement response is still subject of an active debate and not the concern of
this thesis. Here, we content ourselves with a proof of principle and assume the following
simple dependence of the prestressing force on the applied external force f ,
f˙0(t) ∼ f(t)− f0(t). (3.60)
Taking into account equation (3.60) indeed introduces a kinematic hardening phe-
nomenology into the force-displacement curves for low rates (figure 3.22a). Note that
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the curves for high rates hardly differ from the curves without kinematic hardening (fig-
ure 3.22b). Also the dependence of the maximum relative plastic and elastic contributions
and the overstress ∆F do not noticeably change in presence of the force-dependent pre-
stressing force (figure 3.21, thin lines).
Relation to predictions of the reversible inelastic model and to experimental
data
The force-displacement curves of the irreversibly plastic, actively reinforcing material (fig-
ure 3.22) are very similar to the quasi-plastic deformation curves (figure 3.18) derived from
the passive, purely reversible theory. Nevertheless, both descriptions are inherently differ-
ent. The quasi-plastic constitutive equations (3.48) and (3.53) are derived for a passive
bond-breaking material with constant prestressing force, and the quasi-plastic strain is
due to the intrinsic material softening due to bond breaking. The rest force is given by
the force under which the current bond fraction would be stationary.
The kinematic hardening for the truly plastic equations, in contrast, relies on an ac-
tive adaptation of the prestressing force to the external force. According to a large set of
experimental data, this increase in prestress is coupled to a stiffening. A possible mech-
anism for this correlation is the steady-state stress stiffening discussed in section 3.4.2 or
catch-bond behavior (see sections 3.5.2 and 3.5.3).
Apparently plastic cell behavior, as predicted here, has already been reported for uni-
axial stretch experiments on single fibroblasts (Fernandez and Ott, 2008). It is instructive
to compare the qualitative results obtained from the theory to the experiments. The ex-
periments employed protocols that extended over minutes. On these time scales, it is likely
that active processes are involved.
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Figure 3.23: Response of single fibroblast cells to loading and unloading for various rates
Γ˙ (experiments by Fernandez and Ott (2008)). (a) Force-displacement curves (Γ˙ = 1µ m/s
(dot-dashed line), Γ˙ = 0.1µm/s (dashed line), Γ˙ = 30 nm/s (dotted line)). (b) Residual force
∆F after unloading as a function of rate for different cells (symbols). Figure adapted from
Fernandez and Ott (2008).
The deformation protocol of the experiments is a combination of ramp and peak-
hold steps as depicted in figure 4.1. The qualitative shape of the experimental force-
displacement curves (figure 3.23a) strongly resembles the predictions of the irreversible
plastic scenario with reinforcement (figure 3.22) and the reversible inelastic scenario (fig-
ure 3.18) at low and moderate rates. In particular, for increasing rates there seems to be a
transition from kinematic hardening behavior to a yielding behavior. As discussed above,
the model predicts that beyond this transition, reversible inelastic effects dominate. We
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may therefore speculate that at fast time scales, cells can be described by the reversible
inelastic formalism. This is in accord with the qualitative agreement between fast flu-
idization experiments (Trepat et al., 2007) and predictions of the reversible formalism
(section 3.4.3).
Fernandez and Ott (2008) also reported the dependence of the residual force ∆F
after unloading (termed “overstress” in the paper) on the loading rate for various cells
(reproduced in figure 3.23b). They found that the residual force approaches zero for
vanishing loading rate and diverges slowly for increasing rate. For low rates, a similar
behavior is predicted by the by irreversible plastic (figure 3.21b) and the reversible inelastic
(compare figure 3.18a) mechanism. From the discussion of this effect given earlier, we can
assume that this phenomenology is generic and common to all force-dependent dissipation
mechanisms with finite time scale. The non-monotonic behavior of ∆F (Γ˙) is not apparent
from, but also not excluded by, the data.
From the force-displacement curves alone, we cannot judge whether the reversible,
passive or the irreversible, active mechanism is more appropriate to describe the afore-
mentioned experiments. An additional piece of information that can be used to decide
this question is provided by Fernandez and Ott (2008) in the form of superimposed stiff-
ness measurements. This was done by overlaying the large displacement ramps with small
oscillations and calculating a stiffness from the orientation of the resulting small viscoelas-
tic hysteresis loops. The results suggest that the cell stiffens with increasing force. This
is in accord with many other observations of cell stress stiffening (Pourati et al., 1998;
Trepat et al., 2004; Kollmannsberger et al., 2011). Because the reversible, passive mecha-
nism explicitly relies on a softening (section 3.4.5) it is ruled out for this particular set of
slow experiments on cells. Nevertheless, it might apply to passive, inanimate biopolymer
networks, even at slow time scales.
The stress stiffening is a prediction of the inelastic Gwlc (section 3.4.2) for a broad
parameter regime. This regime becomes even broader if catch bonds are considered (sec-
tion 3.5.3). Moreover, all qualitative effects discussed for the simplified schematic model
also apply to the inelastic Gwlc. Thus, an inelastic Gwlc that takes into account the
irreversible plastic deformations as in equation (3.56) can in principle explain the whole
spectrum of experimental observations, if a slow increase in prestress in response to an
external stimulus due to active (biological) remodeling and reinforcement is phenomenolog-
ically taken into account. Thoroughly modeling this effect and coupling it to the inelastic
Gwlc is an intriguing task for future work to pave the way to a quantitative understanding
of cell behavior.
3.5.2 Catch-slip bond kinetics
In section 3.2, we presented a simple model for the force-dependent kinetics of an ensemble
of weak bonds. A key point was the intuitive assumption that pulling on a bond would
favor unbinding, which is usually referred to as slip bond behavior. Yet, also the opposite
behavior can be imagined, namely that an external force acts to tighten the binding, which
is characteristic for so-called catch bonds. A typical example is a Chinese finger puzzle or
two hooks that are pulled against each other (Thomas et al., 2008).
It is intuitively clear that this catch behavior cannot persist for arbitrarily large forces.
At least at the limit of the physical capacity of the material, the bond has to break. Usually,
the transition from catch to slip behavior takes place at much lower forces (Thomas et al.,
2008). Therefore, the technically correct term would be catch-slip bond. Nevertheless, in
general the shorter term “catch bond” is used when referring to catch-slip bonds.
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Catch bonds have first been demonstrated for adhesion-related molecules such as the
leukocyte receptor-ligand pair P-selectin/PSGL-1 (Marshall et al., 2003) and L-selectin/
PSGL-1 (Sarangapani et al., 2004). But not only in adhesion, catch bonds play a role. Also
the actin/HMM bond has been shown to display catch-slip behavior (Guo and Guilford,
2006). This may not only render catch bonds relevant for cytoskeletal mechanics, but also
for reconstituted actin/HMM networks.
In this section, we first present a way to implement catch-slip bonds into the inelastic
Gwlc, before we briefly mention alternative implementations and discuss the biological
relevance.
The one-state, two-pathway model
We decided to use the so-called one-state, two-pathway model (Pereverzev et al., 2005),
because it is reported to capture the behavior of actin/HMM bonds (Guo and Guilford,
2006). As indicated by the name, the model assumes a single bound state with two, instead
of one, dissociation pathways with dissociation rates kc−,c(f) and kc−,s(f), respectively. The
superscript “c” marks the rates as belonging to the catch-slip kinetics and distinguishes
them from the pure slip kinetics, equations (3.2)-(3.4). The pathways differ in the force
dependence of their respective dissociation rates. One pathway behaves as a catch bond,
i.e. the dissociation rate kc−,c(f) decreases with increasing force f , dkc−,c/df < 0. The
other pathway behaves as a slip bond, with kc−,s(f) increasing with f , dkc−,s/df > 0. At
low force, the total dissociation rate kc−,c + kc−,s displays catch behavior if∣∣∣∣dkc−,sdf
∣∣∣∣
f=0

∣∣∣∣dkc−,cdf
∣∣∣∣
f=0
. (3.61)
Above a critical force fc, the slip rate becomes dominant and the net dissociation rate
behaves like a slip rate (figure 3.24). Obviously, the critical force is given by the condition∣∣∣∣dkc−,sdf
∣∣∣∣
f=fc
!
=
∣∣∣∣dkc−,cdf
∣∣∣∣
f=fc
. (3.62)
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Figure 3.24: Catch-slip bond behavior. (a) Total dissociation rate (kc−,c + k
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−,s)/k (solid
line) and rates kc−,c/k (dashed line) and k
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−,s/k (dot-dashed line) versus force. (b) Force-
dependence of the stationary bond fraction of a catch-slip system. Dissociation rate parameters
are estimated from (Guo and Guilford, 2006) to rc = 0.1 and ∆x
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zero.
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To implement this mechanism, we again use the simplest possible formulation (Pereverzev
et al., 2005). We thus assume an exponential force dependence of the off rates, in analogy
to section 3.2,
kc−,c = k · e−∆x
c
b|f−f0| (3.63)
and
kc−,s = k · rc · e∆x
s
b|f−f0|. (3.64)
Here, rc is a dimensionless parameter that can be used to guarantee condition (3.61), and
∆x
{c,s}
b are the respective bond lengths. For the prefactor k and the dependence on the
prestressing force f0, the respective discussions from section 3.2 apply. By equation (3.62),
the critical force of the transition from catch- to slip bond behavior is given by
fc = (∆x
c
b + ∆x
s
b)
−1 log
(
∆xcb
∆xsb · rc
)
. (3.65)
An exemplary force-dependent net off rate resulting from equations (3.63) and (3.64) is
shown in figure 3.24.
To fully characterize the fraction of closed bonds, one also needs an association rate
kc+. To keep the complexity of the model low, I assume it to be force-independent,
kc+ = k · eU . (3.66)
The bond fraction is then given by the first-order kinetic equation
ν˙(t, f) = −(kc−,c(f) + kc−,s(f) + kc+)ν(t, f) + kc+. (3.67)
Consequently, the stationary bond fraction reads
νst(f) =
{
1 + e−U+∆x
s
u|f−f0| ·
(
rc + e
−(∆xcu+∆xsu)·|f−f0|
)}−1
. (3.68)
An example is given in figure 3.24b.
The dependence of the mechanical Gwlc properties on the bond fraction is modeled
along the same lines as for a pure slip kinetics, see section 3.3.
Alternative implementations and biological relevance
Currently, there are at least two principle mechanisms that are considered as possible
origins of catch-slip behavior (Thomas et al., 2008). One is the one-state, two-pathway
model discussed above. The other is the so-called two-state model (Evans et al., 2004). It
assumes two possible bound states for the complex, a low-activity state with high disso-
ciation rate at vanishing force and a high-activity state with a low zero-force dissociation
rate. Both dissociation rates increase with the applied force. However, application of a
moderate force is assumed to favor the occupation of the high-activity state, thereby de-
creasing the total dissociation rate and causing the “catch” behavior. At very high forces,
the low-activity state is essentially unoccupied and the system behaves like a one-state
slip bond.
Apart from its obvious significance for cell adhesion (Thomas et al., 2008), catch bond
behavior may have an important function for cytoskeletal mechanics. Guo and Guilford
(2006) recognized that the critical force of a single actin/HMM bond is very close to the
isometric force a Myosin exerts during a power stroke. If Myosin were a major contributor
to the bond kinetics in cells, one could speculate that the catch-bond character is part of
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the mechanism to guarantee that the cell does not flow or fluidize under its own prestress.
This would be a very elegant, robust physical implementation that could be accompanied
by signaling-mediated biological responses. However, experiments on reconstituted Actin
networks (Koenderink et al., 2009) demonstrate that adding actively contracting Myosin
alone does not lead to a significant stiffening, which seems to contradict this hypothesis.
Only upon adding Filamin A, stiffening was observed. These results imply that the catch-
bond behavior of Myosin may not be the key component in the stress stiffening of the
cytoskeleton. Even so, the elegant mechanism could be implemented if a catch-bond
contribution came from Filamin. The concerted action of contractile Myosin and catchy
Filamin would fulfill the task of stabilizing the cell under its prestress. Note that from
the perspective of the coarse-grained theory, the molecular origin of catch-bond behavior
is not critical. It only enters via the values of the catch-bond parameters.
3.5.3 Influence of catch bonds on the phenomenology of the inelastic
GWLC
The discussions in section 3.4 and 3.5.1 relied on slip-bond kinetics, equations (3.1)-(3.4),
where the fraction ν of closed bonds decreased with increasing external force f . The
resulting phenomena were in good qualitative agreement with experimental data on cells
and reconstituted biopolymer networks.
In the following, it is demonstrated how a catch-slip behavior affects the phenomenology
of the inelastic Gwlc. We come to the conclusion that the quasi-static regime is strongly
influenced by the presence of catch bonds. The catchy behavior leads to a complete
extinction of the steady-state stress softening at low force. Related to that, quasi-plastic
behavior is suppressed at low forces for the reversible inelastic model. Hardly affected by
the presence of catch bonds are the inelastic yielding regime, the slow relaxation, and the
irreversible plastic flow, for various reasons. In the inelastic yielding regime, the forces
typically exceed the critical bond force and the system exhibit effective slip-bond behavior.
For the slow relaxation, forces are approximately constant and thus the force-dependence
of the kinetics does not play a role. For the plastic flow, there is a stabilizing feedback
between plastic and elastic deformations.
The catch-bond parameters we use are inspired by force-spectroscopy on Actin/HMM
bonds (Guo and Guilford, 2006). We choose a ratio between the width ∆xcb of the bound
catch pathway and the width ∆xsb of the bound slip pathway to ∆x
c
b/∆x
s
b = 4, and the
ratio rc of prefactors to rc = 0.1, see section 3.5.2 for the definition of these parameters.
Steady-state stiffening and softening
A property that is strongly influenced by the presence of catch bonds is the steady-state
stress-stiffness relation (figure 3.25). For parameter exhibiting a stress stiffening regime
already for slip bonds, this regime is extended to very large forces (figure 3.25a, blue solid
line). For parameter sets that would display steady-state stress softening in the presence
of slip bonds, a stress stiffening regime appears (figure 3.25a, solid red line, for comparison,
also the respective slip-bond curves are shown).
Interestingly, the initial slope of the stress-stiffnes relation is higher for the soft param-
eter set than for the stiff set. The reason is that due to the increase in the bond fraction,
in addition to the “usual” viscoelastic stiffening response, a “structural stiffening” arises.
For the soft parameter set, the bond fraction can increase significantly for small force as
a consequence of the force-induced gain in bond energy (figure 3.25b, red solid line). For
the stiff parameter set, the bond fraction is close to one already for zero external force
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Figure 3.25: Response to quasi-static force driving. (a) Force-stiffness relation for the inelastic
Gwlc. (b) Bond fraction versus force. Solid lines are obtained using a catch-slip bond kinetics,
dashed lines represent responses for pure slip bonds. For the catch-bond curves, the parameter
U has been chosen such that the zero-force steady-state bond fraction is the same as in the
slip-bond case, U = 8.7 (blue) and U = −0.2 (red), respectively. Other parameters are given
by the stiff (blue) and soft (red) parameter set, table A.2.
(figure 3.25b, blue solid line), therefore the reinforcement by new bond formation does not
contribute an additional stiffening.
Inelastic yielding and slow recovery
The inelastic yielding regime is characterized by sudden, large deformations (see sec-
tion 3.4.1). In this regime, a catch-bond induced increase in the bond fraction ν can
hardly be observed. The reason is that in the inelastic yielding regime, at low or moderate
forces (where the catch-bond behavior could play a role), the bond kinetics are too slow to
significantly respond within the duration of the stimulus (see section 3.4.3). Only under
large forces, the bond kinetics is fast enough. In this force regime, however, slip behavior
is likely to be dominant (see section 3.5.2).
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Figure 3.26: Inelastic response to fast pulsed loading for the reversible inelastic Gwlc with
slip (dashed lines) and catch-slip (solid lines) bond kinetics. (a) Force displacement curves.
(b) Time-dependent bond fractions. Parameters are as for the soft parameter set in figure 3.25
(red curves).
An exemplary force-displacement curve is shown in figure 3.26a. The curve for a system
with catch-slip behavior (solid line) is very similar to the curve for the slip-bond system
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(dashed line). The difference lies merely in a renormalization of the peak force. Also the
time-dependent bond fraction (figure 3.26b) behaves similarly in both cases. In general,
all that was said about the inelastic yielding for the slip-bond kinetics remain valid in
the presence of catch-slip bonds. The only changes caused by the catch-slip kinetics are
quantitative. So is the yield force higher in the catch-slip scenario and the drop in the
bond fraction is less pronounced. In the catch-slip scenario, one would therefore observe a
slightly weaker fluidization signal as compared to the pure slip-bond case. Moreover, the
dynamic stiffening-softening transition is sharper for the catch-bond scenario.
That no qualitative changes in the relaxation behavior occurs should be obvious. After
the quick relaxation of internal tension, the bond force is constant. The force-dependence
of the rates is thus irrelevant for the relaxation. For constant force, both the slip (equa-
tions (3.1)-(3.4) and the catch-slip (equations (3.64)-(3.67)) kinetics predict exponential
relaxations. Moreover, for equal steady-state bond fractions (as used in figure 3.26 for
better comparison), on and off rates are equal and the relaxation behavior is exactly the
same. Only the amount of relaxation differs, because the fluidization amplitude is reduced
in the presence of catch bonds, as mentioned above.
Quasi-plastic and irreversibly plastic response
The origin of the quasi-plastic response (section 3.4.5) is softening due to reversible bond
breaking. For a catch-bond system, bond forces lower than the critical force lead to a net
increase in the average fraction of closed bonds (see figure 3.24b). In this force regime,
stiffening will dominate and the quasi-plastic response thus cannot be present (see also
discussion in section 3.5.1).
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Figure 3.27: Plastic flow is only weakly affected by catch bonds. (a) Plastic flow rate versus
time for catch-slip (solid lines) and slip-bond kinetics a a rate of Γ˙τ0e
E/Γˆ = 0.05. (b) Maximum
plastic (dot-dashed lines) and elastic (dashed lines) deformation during the pulse versus rate
for a catch-slip (bold lines) and a slip (thin lines) system. Parameters as in figure 3.25.
In contrast, the irreversible, plastic response (section 3.5.1) can be present in any force
regime. The principle mechanism of the inelastic flow does not specifically rely on slip
bonds, it is equally applicable to catch bonds. Nevertheless, the particular choice of the
bond kinetics influences the plastic flow via the factor of 1 − ν in equation (3.56). The
other dynamic variable Γ˙p depends on is λ. Γp and λ are coupled via equations (3.56) and
(3.57). The nature of this feedback is stabilizing. If Γ˙p is decreased (e.g. by an increase
in ν), then λ increases faster because it has to take up more of the externally imposed
deformation (equation (3.57)). This in turn leads via equation (3.56) to an increase in the
plastic flow. Thus, the system is stable against external perturbations.
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Figure 3.28: Differences in the bond fraction ν are compensated by the elastic deformation λ.
Predictions of the catch-slip bond model (solid lines) are compared to predictions of the slip-
bond model (dashed lines). (a) Time-dependent bond fraction. (b) Time-dependent elastic
deformation. The rate is Γ˙τ0e
E/Γˆ = 0.05. Other parameters as in figure 3.25.
The mechanism is illustrated in figures 3.27 and 3.28. Figure 3.27a demonstrates that
the time-course of the plastic flow is almost identical for catch-slip (solid lines) and slip
bond kinetics (dashed lines). Also when considering the relative contribution of plastic and
elastic deformations (figure 3.27b), there are no qualitative and only marginal quantitative
differences between catch-slip (bold lines) and slip (thin lines) scenario. That the internal
dynamic variables λ and ν behave differently is shown in figure 3.28. The time-courses
of the bond fraction (figure 3.28a) are nearly mirror images of each other. Figure 3.28b
demonstrates that the difference in the elastic deformation λ is almost proportional to the
difference in the bond fraction ν. The stabilizing feedback between Γ˙p and λ is a generic
effect that does not depend on details of the implementation. The only necessary conditions
are that deformations which are not taken up by the plastic contribution increase the
elastic deformation and that the plastic flow is enhanced by elastic deformations, which one
would expect to be generically the case for a material response dominated by transiently
crosslinked biopolymer networks.
3.6 Chapter summary
I presented a theoretical framework to describe the mechanics of a biopolymer network
that is vulnerable to bond breaking. It is based on microscopically founded wormlike chain
dynamics for the individual polymers, which is coupled, in a mean-field type phenomeno-
logical way, to the bond kinetics of transient crosslinks or bonds that are assumed to pro-
vide mechanical strength to the polymer. Using this framework, I explored mechanisms
by which bond-breaking can affect network mechanics and vice versa. I then extensively
discussed the phenomenology of the inelastic Gwlc, using both numerical studies and
analytical calculations.
The phenomenology can be characterized in terms of three parameters, namely the
rate Γ˙ and amplitude Γˆ of deformation, and the binding energy U . For high rates and am-
plitudes, there is a robust inelastic yielding regime that is characterized by an amplitude-
dependent fluidization, a rate-dependent peak force and a slow recovery. I further found
that even for pure slip-bond kinetics, a steady-state stress stiffening is predicted. For
intermediate rates, quasi-plastic force displacement curves and kinematic hardening were
ensued.
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Finally, two conceptually and practically important extensions to the model were pro-
posed. First, a way to take into account true (irreversible) plastic flow was discussed,
together with a possible source of kinematic hardening. Second, a simple implementation
for a catch-bond kinetics was presented and the effect of catch bonds on the predictions
of the model were explored. Catch bonds were shown to enhance the steady-state stress
stiffening, but only marginally alter the inelastic yielding response and the slow recovery.
Remarkably, notwithstanding its simple phenomenological constituents (the equilib-
rium Gwlc and a first-order bond kinetics), the inelastic Gwlc yields rich, nontrivial
predictions that are by no means apparent from its construction. The nontrivial behavior
arises out of the nonlinear coupling of the two underlying models. From this perspective,
the inelastic Gwlc is literally more than the sum of its constituents. It reproduces all
hallmarks of cell mechanics, starting from equilibrium properties such as power-law rheol-
ogy (Fabry et al., 2001), over stress stiffening (Choquet et al., 1997; Pourati et al., 1998;
Trepat et al., 2004), shake-down (Fernandez et al., 2007) and the fluidization response to
transient loading (Trepat et al., 2007; Chen et al., 2010) up to kinematic hardening for
slow driving (Fernandez and Ott, 2008). Together with the fact that very similar effects
were observed for reconstituted biopolymer networks (see, e.g., chapter 2), this is a strong
hint that the inelastic Gwlc is a suitable framework to describe cell mechanics and gain
insight into the underlying physical principles. One may now start to proceed from a
qualitative to a quantitative description by successively refining details of the model. This
is a worthwhile task for future work.
Chapter 4
Algorithms and numerical
implementation
“[. . . ] and the cytologist had come to
realize that if he went no further than
what he could see in his microscope, he
would not get far, any more than would
have the physicist had he stopped at
what he could see [. . . ]”
William Seifriz (1935)
4.1 Introduction
In the previous chapter, a model for transiently crosslinked biopolymer networks was
developed. A large part of the chapter consisted of discussing and rationalizing the phe-
nomenology of the model. Here, ways and methods to obtain response curves from the
equations are presented. The discussion is rather technical. It is intended to enable the
reader to comprehend how the numerical data are generated, thus guaranteeing repro-
ducibility of the work. Moreover, the numerical implementation is an integral part of the
work, and consumed a significant amount of time. Without it, a large part of the physical
insight presented in chapter 3 could not have been achieved.
For analytical calculations and basic numerical implementations, I used the computer
algebra system Mathematica R© (Wolfram Research, Champaign, Illinois, USA). Even
though Mathematica R© boasts an extensive set of high-performance numerical routines,
it is still an interpreted language at heart, rendering custom program logic slower than
its C equivalent, sometimes by orders of magnitude. Still, also the numerical integration
of the mode integral (4.23) of the Gwlc susceptibility has proven to be significantly
slower than the C implementation (section 4.3). Because the susceptibility has to be
evaluated very often for each time step (see sections 4.2 and 4.4.1), it is worthwhile to
use the fastest implementation possible. I therefore used the GNU scientific library (GSL)
(Galassi et al., 2006) to implement numerical integrals. A perfect combination would be
to have the usability and high-level programming capabilities of Mathematica R© and
the fast numerical integration from the GSL. Due to the foreign-function interface of
Mathematica R©, this can indeed be achieved. To be able to utilize some very convenient
C++ classes, I moreover extended the vendor-supplied C preprocessing script to support
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C++ code.
The chapter starts with a discussion of analytical calculations to simplify the problem
as much as possible for various stimulus protocols. Then the different implementations
of the numerical integrations and the nonlinear evaluation scheme follow. The chapter
closes with a brief sketch of ways to make the actual process of obtaining and analyzing
numerical data the most efficient and least time consuming for the researcher.
4.2 Obtaining nonlinear responses from linear response func-
tions
From the Gwlc model, linear response functions such as the linear susceptibility α can be
computed (Kroy and Glaser, 2007). They characterize the equilibrium material properties
under a given prestressing force and bond fraction. This information can be used as a
starting point when addressing the more ambitious question of how the material behaves
under nonlinear deformations, as explained in the following. Roughly, if the current force
and bond fraction and the linear response under these parameter values are known, the
values of force and bond fraction an infinitesimal time interval later can be calculated.
Iterating this procedure, one arrives at the time-dependent nonlinear response. We will
see, however, that this approach is not without pitfalls.
4.2.1 General displacement stimulus
Linear response to a displacement step
Consider a material with frequency-dependent susceptibility α(ω) = α′(ω)+ iα′′(ω). With
the Heaviside step function Θ(t), a displacement step at t = t0 can be written as ∆γ(t) =
∆γ0Θ(t− t0). The linear force response to this step reads
∆f(t) = GS(t− t0, f0, ν0)∆γ0, (4.1)
with a constant prestressing force f0 and the equilibrium bond fraction ν0. The function
GS is given by
GS(t, f0, ν0) =
1√
2pi
∫ t
−∞
dt′F−1 {α−1(ω)} (t′, f0, ν0), (4.2)
where F−1 denotes the inverse Fourier transform with respect to ω. Equation (4.2) can
be obtained from the linear response relation ∆f(ω) = α−1(ω)∆γ(ω) by noting that the
Heaviside function can be written as the integral over the Dirac δ function and that F{δ(t)}
is a constant. The expression F−1{α−1(ω)}(t) is thus the response to a δ stimulus and
can be considered as a Green’s function for the problem. GS is a real and causal response
function. This is true if and only if the real part of α−1(ω) is even and the imaginary part
is odd. For later convenience we introduce the abbreviation g(ω) = α−1(ω). The complex
function
g(ω) = g′(ω) + ig′′(ω) ≡ α
′(ω)− iα′′(ω)
α′(ω)2 + α′′(ω)2
, (4.3)
with g′ and g′′ being the real and imaginary part of g, respectively, can be considered as
the microscopic “modulus” of the material (see also section 3.3).
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Linear response to arbitrary loading protocols
To approximate more complex loading protocols, we now consider a superposition of step
loadings. With discrete time steps ∆t, the stimulus reads
Γj =
∞∑
i=−∞
Θ[(j − i)∆t] ·∆γi =
∞∑
i=−∞
Θ[(j − i)∆t] · Γ˙(i∆t)∆t. (4.4)
The function Γ˙(t) defines the driving protocol via lim∆t→0(Γj+1−Γj)/∆t = Γ˙(j∆t), where
the domain of Γ˙ is the time interval of interest. According to equation (4.1), the linear
response F to equation (4.4) is given by
Fj = f0 +
∞∑
i=−∞
GS[(j − i)∆t, f0, ν0] · Γ˙(i∆t)∆t, (4.5)
where the prestressing force f0 has been taken into account as an offset in F . Taking
∆t→ 0, one obtains the well-known expression
F (t) = f0 +
∫ ∞
−∞
GS[t− t′, f0, ν0] · Γ˙(t′)dt′. (4.6)
Equation (4.6) is derived more easily and more elegantly from the linear response relation
in frequency space. However, the derivation presented here has the advantage to very
clearly demonstrate the meaning of the convolution integral. It is not an integral over
past responses, but rather a summation of responses that started at different times t′, but
which are evaluated at the current time t.
Nonlinear response and adiabatic parameter dependence
From the linear expression, the nonlinear response can be constructed. In the current
context, “nonlinear” means that it is no longer admissible to assume that the response
takes place under the prestressing force f0 and the steady-state bond fraction ν0. Instead,
the response has to depend on the time-dependent force and bond fraction.
To find the history dependence of the response, we have to make a crucial assumption
for GS. We assume that the parameters f and ν can be considered as adiabatic. Adiabatic
here means that GS instantaneously adapts to new values of f and ν, and no additional
relaxation process is involved. The time-scale separation is justified if the internal relax-
ation dynamics of a Wlc is faster than the evolution of ν(t) or f(t). This condition is in
general met quite well. For example, the characteristic time scale τLe = ζ⊥L4e/(κpi4) for an
actin segment of length le = 1.62µm, transverse friction coefficient ζ⊥ = 0.07pNs/µm2 and
bending rigidity κ = 0.04µm2pN is τLe ≈ 0.12s, whereas typical experimental protocols
have time scales of seconds or higher. Still, for very fast yielding events, the assumption
may be violated. As a result, the sharpness of the force peak (see section 3.4.3) might
be slightly overestimated in some cases. Qualitative changes to the predictions are not
expected from moderate violations of this assumption.
Having the adiabatic assumption in mind, we consider the isolated response dfΓ(t′)
to an infinitesimal displacement pulse at time t′ with amplitude Γ˙(t′)dt′. At a time t′′
(t′ < t′′ < t), the increment to t′′ + dt′′ is governed by f(t′′) and ν(t′′), according to the
above assumption. The increment reads
dfΓ(t′)(t
′′ + dt′′) = dfΓ(t′)(t′′) + dt′′
d
dt′′
GS[t
′′ − t′, f(t′′), ν(t′′)] · Γ˙(t′)dt′. (4.7)
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Integration over t′′ from −∞ to t yields
dfΓ(t′) = GS[(t− t′), f(t), ν(t)]Γ˙(t′)dt′. (4.8)
To obtain the full response at time t, one has to integrate over all t′,
F (t) = f0 +
∫ ∞
−∞
dfΓ(t′) = f0 +
∫ ∞
−∞
GS[t− t′, f(t), ν(t)]Γ˙(t′)dt′. (4.9)
Expression (4.9) is remarkable in at least one important aspect. At a given time t, it
solely depends on the current values of f and ν, and not on the history. This is a direct
consequence of the adiabatic assumption and the fact that the responses in the convolution
integral are evaluated at the current time (see discussion above). This particular form of
the response nevertheless makes sense, as it is continuous if Γ, f , and ν are continuous,
and the residual force will decay to zero if Γ vanishes.
In principle, equation (4.9) can be used to calculate the nonlinear response of an
inelastic Gwlc material, if f(t) and ν(t) are known. As a first approximation, we identify
f with the current force F . The bond fraction ν is calculated from f as described in
section 3.2.
A drawback of the expression (4.9) is that it takes long to be evaluated numerically,
because it contains four nested integrals. The first integral is necessary to evaluate α(ω)
(see section 1.2.3). The next two integrals have to be evaluated to obtain GS from α(ω) (see
equation (4.2)), and finally, there is the convolution integral. It is therefore convenient to
rewrite equation (4.9) to make numerical evaluations faster, at the expense of its intuitive
clarity.
We first note that an integration by parts can be performed, shifting the derivative
from the displacement protocol to GS,
F (t) = f0 −
∫ ∞
−∞
{
d
dt′
GS[t− t′, f(t), ν(t)]
}
Γ(t′)dt′. (4.10)
By equations (4.2) and (4.3), the derivative of GS is proportional to the inverse Fourier
transform of g,
F (t) = f0 +
1√
2pi
∫ ∞
−∞
F−1 {g[ω, f(t), ν(t)]} (t− t′)Γ(t′)dt′. (4.11)
For simple driving protocols, the expression can be simplified further by using the convo-
lution theorem to “shift” the Fourier transformation from α to Γ,
F (t) = f0 +
1√
2pi
∫ ∞
−∞
dωe−iωtg[ω, f(t), ν(t)]F {Γ} (ω). (4.12)
In section 4.2.2, the response functions for some selected paradigmatic driving protocols
are given.
4.2.2 Examples for selected displacement protocols
Oscillatory stimulus
An oscillatory driving is often used for linear response measurements. But also to assess
the response to periodic nonlinear loading, oscillations can be used (see section 2.3.2). Let
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Γ(t) = Γ0 sin(ω0t). If transients are neglected (i.e. if one assumes that the oscillations
started at t = −∞), the Fourier transform F{Γ} reads
F{Γ}(ω) = Γ0
√
pi
2
i [δ(ω − ω0)− δ(ω + ω0)] . (4.13)
With the symmetry properties of α (α′ even, α′′ odd) and of the sine and the cosine, the
force response takes the familiar form
F (t) = f0 + Γ0 ·
{
sin(ω0t)g
′[ω0, f(t), ν(t)]− cos(ω0t)g′′[ω0, f(t), ν(t)]
}
. (4.14)
In the limit of small Γ0, f(t) ≈ f0 and ν(t) ≈ ν0 and expression (4.14) can be interpreted
in the usual way as in-phase and out-of-phase part of the response at frequency ω0.
Gaussian displacement pulse
A Gaussian displacement pulse is used as an exemplary smooth pulsed loading protocol. A
similar protocol was for example used by Trepat et al. (2007) and Krishnan et al. (2009).
The pulse is parameterized by
Γ(t) = Γ0 exp
[
−6(t− τ)
2
τ2
]
. (4.15)
The pulse is centered at time τ and the factor 6 in the exponent is arbitrarily chosen to
assure that Γ(0) ≈ 0, but that Γ rises quickly for t > 0 on time scale τ . A sketch of the
pulse is displayed in figure 4.1a. The deformation rate is given by Γ˙(t).
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Figure 4.1: Paradigmatic protocols for pulsed loading. (a) Gaussian displacement pulse,
equation (4.15), (blue solid lines) and the corresponding deformation rate (red dashed lines)
with amplitude Γ˙max =
√
12e−1/2Γˆ/τ . Straight dashed lines indicate the average rate. (b)
“Trapezoidal” stimulus built of ramp and peak-hold protocols, equation (4.19), (blue solid
lines). The corresponding rate is discontinuous (red dashed lines).
The Fourier transform of equation (4.15) is
F {Γ} (ω) = Γ0 τ√
12
exp
[
iωτ − τ
2ω2
24
]
. (4.16)
The force response can therefore be written as
F (t) = f0 +
Γ0τ√
24pi
∫ ∞
−∞
dωe−iω(t−τ)g[ω, f(t), ν(t)] exp
[
−τ
2ω2
24
]
. (4.17)
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For numerical evaluation, it is convenient to represent F (t) in real functions only. Using
that g′ and g′′ are even and odd functions of ω, respectively, and using the symmetry of
sin and cos, one finds that the imaginary part of the integral vanishes. One obtains for
the response
F (t) = f0 +
Γ0τ√
24pi
∫ ∞
−∞
dω
{
cos[ω(t− τ)]g′[ω, f(t), ν(t)]
+ sin[ω(t− τ)]g′′[ω, f(t), ν(t)]} exp [−τ2ω2
24
]
. (4.18)
Ramps and plateaus
The last class of protocols to be considered is also known as “ramp” and “peak hold”
protocols. “Ramp” means that the control variable (usually the displacement or the force)
is linearly increased in time, with a given rate. “Peak hold” denotes a protocol where
the control variable is held at a fixed value. Obviously, a peak hold experiment for the
deformation rate is also a ramp experiment. Peak hold and ramp protocols can be of
interest for various reasons. For example, one might want to assess the material response
at a well-defined rate (for a Gaussian pulse, one can only fix the average rate) or one might
want to know the relaxation behavior under a fixed external force. Another advantage is
that one can choose the duration of a pulse and the deformation rate as independent
parameters. The paradigmatic protocol considered here consists of a linear increase in
displacement at rate Γ˙ for a duration T1, followed by a plateau for a duration T2, and a
linear decrease at rate −Γ˙ for T1 (see figure 4.1b). Using the Heaviside function Θ, the
protocol can be parametrize by
Γ(t) = Γ˙ · {t · [Θ(t)−Θ(T1 − t)] + T1 · [Θ(t− T1)−Θ(t− T1 − T2)]
−(t− 2T1 − T2) · [Θ(t− T1 − T2)−Θ(t− 2T1 − T2)]}. (4.19)
Using the concept of generalized functions (Lighthill, 1958), the Fourier transform of
expression (4.19) is given by
F{Γ}(ω) = 1√
2pi
Γ˙
ω2
(
eiωT1 + eiω(T1+T2) − eiω(2T1+T2) − 1
)
. (4.20)
Inserting expression (4.20) into equation (4.12), one obtains
F (t) = f0 +
Γ˙√
2pi
∫ ∞
−∞
dω
ω2
e−iωt
{
eiωT1 + eiω(T1+T2) − eiω(2T1+T2) − 1
}
· g[ω, f(t), ν(t)].
(4.21)
Note that again by symmetry arguments, the imaginary part of equation (4.21) vanishes.
Equation (4.21) is oscillating with multiple and, depending on the value of t, possibly very
high frequencies. For numerical integration, the equation therefore has to be transformed
into a much less appealing form. This will be discussed in detail in section 4.3.
4.3 Numerical integration
In this section, the most efficient ways to numerically solve the integrals that appear in
the expressions for the nonlinear response are discussed. As we build on the Gwlc for
the material response, the first step is to find a way to evaluate the Gwlc material func-
tion at low computational cost. The next and more challenging step is to find a fast but
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reasonably accurate procedure to compute the response integrals for the exemplary driv-
ing protocols introduced in the previous section. For a steady-state oscillatory stimulus,
the task is accomplished by the evaluation of the material functions. For the Gaussian
pulse and the ramp-and-peak-hold loading, however, an improper frequency integration
has to be performed, with oscillating integrands at various frequencies. These integrals,
expressions (4.17) and (4.21) will be discussed in separate subsections.
4.3.1 Evaluating the frequency-dependent GWLC material functions
The microscopic susceptibility of the Gwlc is given by the following mode sum (Kroy and
Glaser, 2007)
α(ω) =
L3
kBT lppi4
∞∑
n=1
1
(n4 + n2f/fL)(1 + iωτ˜n)
. (4.22)
Here, kBT is the thermal energy, lp is the persistence length, L is the polymer length and
fL is the Euler buckling force of a rod of length L, fL = κpi
2/L2. The mode relaxation
times τ˜n are related to the usual Wlc relaxation time τn = (ζ⊥kBT/lp)(pin/L)4, where
ζ⊥ is the friction constant. For modes with wavelengths λn = L/n smaller than the
average distance Λ of closed bonds, they are in fact identical. For modes longer than a
length Λ, the Gwlc relaxation times are stretched by an Arrhenius factor according to
equation (1.8) to represent the slowing-down of long wavelength modes by the interactions
with the surrounding network.
Assuming a long polymer, L  Λ, and making the substitution n → n˜ = n · (Λ/L),
the sum (4.22) can be approximated by an integral
α(ω) ≈ Λ
3
kBT lppi4
{∫ 1
0
dn˜
1
n˜4 + n˜2f/fΛ + iωτΛ exp[E(1/n˜− 1)]
+
∫ ∞
1
dn˜
1
n˜4 + n˜2f/fΛ + iωτΛ
}
. (4.23)
The second integral on the right hand side contains the pure Wlc modes. It has the form
of an ordinary Wlc mode integral and can be given in closed form. The first integral, in
contrast, contains the Gwlc Arrhenius factor and has to be evaluated numerically. Using
a straightforward implementation in Mathematica R©, an evaluation of the integral for
100 frequency values takes about 0.48 s. Considering the fact that at least one further
numerical integration has to be performed for each time step and that the integrands can
be highly oscillatory (see section 4.2.2), this is way too slow to be of practical use. It is
therefore necessary to implement the numerical integration in a faster language, such as
C++.
The Gwlc integral vanishes very quickly for small n˜, like e−2E/n˜ and e−E/n˜ for real and
imaginary part, respectively. Adaptive integration algorithms use very small step sizes near
the essential singularity, which in turn slows down the evaluation. The integration can be
sped up by combining an adaptive integration algorithm with an extrapolation procedure in
the vicinity of the singularity. A routine which has these capabilities is the the qags routine
of the GNU Scientific Library (GLS). It combines a Gaussian quadrature algorithm (the
Gauss-Kronrod 21-point rule) with the Wynn epsilon algorithm. A detailed description
of the qags function is given in (Galassi et al., 2006). Because qags operates on real
numbers, the computation has to be split into real and imaginary part. Nevertheless, the
speed-up is immense. Even when called from the Mathematica front-end, the evaluation of
real and imaginary part of the integral for 100 frequencies using the GSL implementation
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takes roughly 0.025 s. We thus have achieved a speed-up of almost a factor of 20. When
the evaluation routine is called internally from the C++ program, the evaluation time is
even shorter.
4.3.2 Evaluating the response integrals
Gaussian displacement pulse
The Gaussian displacement pulse is very well suited for numerical integrations. The reason
is that the Gaussian character is not lost during convolutions and Fourier transformations.
Therefore, one can be quite sure that the integrand is well behaved and decays quickly for
large negative and large positive arguments. Consequently, one does not expect consider-
able problems for the numerical integration of equation (4.18). Indeed, we can just pass
the integrand to the GSL routine qagiu. The qagiu function is an adaptive algorithm
that performs an integration over a semi-infinite interval (a,∞). It does so by mapping
onto the interval (0, 1] using the transformation x = a+(1− t)/t (Galassi et al., 2006). We
can use the semi-infinite integration interval because of the symmetry of the integrand.
Ramp and peak-hold pulse
The “trapezoidal” driving depicted in figure 2.3b behaves much worse than the Gaussian
pulse, and consequently much more care has to be taken to obtain reliable results. There
are two main issues which have to be dealt with. First, the factor of ω−2 in equation (4.21)
grows quickly for ω → 0. A quick inspection of equation (4.21) shows that this does not
impair the integrability, because the term in curly brackets vanishes up to first order
in ω and it will therefore compensate the ω−2 divergence at the origin. Nevertheless,
this can lead to numerical instabilities. A convenient strategy is therefore to treat the
region around the origin separately. Using the fact that the integrand I is even (i.e.∫∞
−∞ dωI(ω) = 2
∫∞
0 dωI(ω), the integration can be split according to
2
∫ ∞
0
dωI(ω) = 2
∫ 
0
dωI(ω) + 2
∫ ∞

dωI(ω), (4.24)
for some suitable .
Next, the integrand I is expanded for small ω (with respect to 1/t, 1/T1, and 1/(T1 +
T2)). The approximate expression then reads
I(ω) ≈ Iapp(ω) = Γ˙
2pi
T1 · (T1 + T2) · g′[ω, f(t), ν(t)]. (4.25)
It is evident that the integration of equation (4.25) over the interval [0, ] will not raise
major difficulties. Note that the small-frequency contribution does not explicitly depend
on t and therefore only contributes a constant offset to the time-dependent response curve.
In does, however, implicitly depend on t via f(t) and ν(t).
The second issue is related to the fact that the first derivate of the stimulus has discon-
tinuities. The discontinuous derivative leads to strong oscillations of I(ω). I(ω) contains
oscillations with four different frequencies t, T1, T1 + T2, and 2T1 + T2. Oscillating inte-
grands are notoriously hard to handle numerically. The situation is simplified strongly if
the numerical integrations are performed on the single addends separately. This reduces
the amount of different frequencies that have to be handled at the same time. Conse-
quently, the integration is split up in four parts Ii, i = 1 . . . 4.
4.3. NUMERICAL INTEGRATION 85
Expressed in real functions, the parts of the integrand read
Ii(ω) = Γ˙
2pi
1
ω2
{
cos(ωTi)g′[ω, f(t), ν(t)] + sin(ωTi)g′′[ω, f(t), ν(t)]
}
, (4.26)
with Ti ∈ {t− T1, t− (T1 + T2), t− (2T1 − T2), t}. The full integral is then given by
F (t) = 2
∫ 
0
dωIapp(ω) + 2
2∑
i=1
∫ ∞

dωIi(ω)− 2
4∑
i=3
∫ ∞

dωIi(ω). (4.27)
A further acceleration and a reduction of the numerical error can be achieved by
omitting the contributions I3 and I4 for times smaller T1 + T2. The rationale behind this
is that during the first ramp, the system does not know whether in the end the displacement
is going to be reversed or whether the ramp will continue forever. Because I3 and I4 are
due to the inverse ramp, they are not supposed to contribute in the beginning. Indeed,
the two contributions balance each other for t < T1 + T2. Nevertheless, |I3| and |I4| can
become large. Numerically taking the difference of two large terms that are supposed
to balance each other can introduce a noticeable numerical error, which is avoided by
omitting the terms.
Because the region around the origin is treated separately, the expression I1, I2, I3,
and I4 could in principle be integrated using the GSL function qagiu (Galassi et al., 2006)
with lower bound . However, for the integrands I3 and I4, the routine fails. The reason
is supposedly that at large frequencies, the oscillatory character impedes the estimation
of the residual. This leads to the report of non-convergence errors. Still, the integrals do
converge, as can be seen by a simple estimation∣∣∣∑ Ii∣∣∣ = ∣∣∣ω−2e−iωt {eiωT1 + eiω(T1+T2) − eiω(2T1+T2) − 1} · g[ω, f(t), ν(t)]∣∣∣
≤ |ω|−2|e−iωt|
{
|eiωT1 |+ |eiω(T1+T2)|+ |eiω(2T1+T2)|+ 1
}
· |g[ω, f(t), ν(t)]|
= 4ω−2|g[ω, f(t), ν(t)]| ∼ ω−5/4, (4.28)
where we used that g(ω) ∼ ω3/4 for large ω.
The problem can be circumvented by introducing a cutoff C. Then, an adaptive
Gaussian routine for a finite integration interval (, C) can be used. The GSL provides for
this purpose the qag routine. We used qag with a 61-point Gauss-Kronrod rule, because
the integrands do not contain jumps or singularities in the integration interval. The cutoff
introduces an artificial oscillation in the time-dependent response functions. By choosing
a large cutoff C, one should be able to make the oscillations arbitrarily small. However,
too large a cutoff leads to a failure of the integration routine, probably because small-scale
features are missed. Therefore, one occasionally encounters large spikes in the numerical
data (see figure 4.2) if a cutoff is used.
With the above considerations, we have the tools to evaluate the time-dependent re-
sponse of an inelastic Gwlc to the trapezoidal protocol as defined in equation (4.19).
Examples for the force-displacement curve are shown in figure 3.17 and figure 4.2. Note
that despite of the special treatment presented here, the numerical evaluation is still sub-
ject to numerical errors. The impact of the numerical errors strongly depends on the
parameter set chosen. For reasons that are not yet fully understood, the numerical errors
for slow protocols for both the soft and the stiff parameter set (table A.2) are very large
(see figure 4.2b), in particular for the decreasing ramp (because of the cutoff that has to
be used). For the numerical example in section 3.4.5, we therefore had to use different
parameters. The resolution of this issue is still in progress.
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Figure 4.2: Example for large numerical errors. Nonlinear evaluation of equation (4.21)
according to the scheme presented in section 4.4.1. (a) Force-displacement curve. (b) Force
versus time, the end of the increasing ramp and the onset of the decreasing ramp are marked by
arrows. Parameters according to the soft parameter set (table A.2). The rate is Γ˙·τ0eE/Γˆ = 0.1.
4.4 Nonlinear evaluations and interface to Mathematica
In the previous sections, we explored how the nonlinear force response, equation (4.12),
can be evaluated for various stimuli if the functions f(t) and ν(t) are given. However, this
“if” constitutes a big problem at the first glance, because f(t) and ν(t) depend on F (t).
Within the most simple scheme, the backbone tension f is given by f(t) = |F (t)|. The
absolute value is used because F is a vector (which has exactly two orientations in the
1-D model), and for an isotropic solution, it can be assumed that stretching modes are
excited independently of the direction of the force, and that bending only subdominantly
contributes to the response. The bond fraction depends on F as given in equation (3.4)
with f replaced by F . It is obvious that this problem cannot be solved in a closed form.
Still, there are many numerical schemes available which can be used to solve the problem,
one of which is presented in section 4.4.1. In section 4.4.2, it is demonstrated how parallel
computing can be used to significantly speed up the calculations.
4.4.1 The two-step Euler scheme
The following problem has to be solved. A system is characterized by three quantities,
let us call them Γ, F , and ν. These quantities depend on each other via equations (3.4),
(3.14), (4.23), and (4.12). The question of interest is: given a certain function Γ(t),
what are the corresponding functions F (t) and ν(t) (we are implicitly assuming existence
and uniqueness of the solution without proof). Because equation (4.12) is implicit in
F , a closed analytic solution is out of reach. Nevertheless, it is surprisingly simple to
numerically implement a nonlinear update scheme that approximates the solution to an
arbitrary degree of accuracy. Because of its close resemblance to the Euler algorithm for
numerical integration, we refer to it as two-step Euler scheme.
The central idea is very basic. We first discretize the time using an adequate time step
∆t. We further prescribe initial values F0 and ν0. Then, F1 = F (∆t|f = f0, ν = ν0) is
calculated using equation (4.12). As an aside, note that the driving protocol Γ(t) is not
discretized in time, but that it enters expression (4.12) as continuous Fourier transform.
Next, ν1 = ν(∆t|f = F1) is computed from equation (3.4) (see below). Then, F1 and
ν1 are used as new initial values and the method is iterated until the desired duration
of the numerical experiment is reached. The whole scheme is illustrated as a flow chart
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Figure 4.3: Illustration of the two-step Euler scheme.
in figure 4.3. As an aside, we note that the force F that is calculated by this scheme is
the effective force fB acting on a single force strand (see section 3.3.1). To obtain the
respective macroscopic external force Fext that has to be applied to the sample, fB(t) has
to be multiplied by the current bond fraction, Fext(t) ∝ ν(t)fB(t). The rationale behind
this formula is that the external force is applied to several force strands in parallel, the
number of which is assumed to be proportional to the fraction of closed bonds.
In the simplest case, the bond fraction is evaluated using the Euler method. The Euler
method has severe disadvantages. For example, it accumulates the numerical error and
is prone to numerical instabilities. The lack of numerical stability is indeed a problem
for protocols with evaluations times long compared to the characteristic bond time scales.
Because the force responses evaluate very slowly, it is desirable to choose a large ∆t.
However, this leads to divergences in the Euler algorithm. In these cases, we instead use a
third-order Runge-Kutta method. For very slowly evaluating force integrals (e.g. for the
trapezoidal force protocol), it is further convenient to decouple the time steps for force
and bond fraction. This allows for small time steps for the bond fraction while invoking
as few evaluations of the force as possible. To this end, each time step ∆t is subdivided
into Nν further steps. On this new, finer time mesh, the bond fraction is integrated using
a third-order Runge-Kutta method.
A further situation where numerical instabilities arise is when the value of ν comes close
to 0 or 1. In this case, numerical deviations can lead to values which are smaller than 0 or
larger than 1, which is meaningless in the context of the bond fraction. However, this kind
of instability can very efficiently be circumvented by enforcing the constraint 0 ≤ ν ≤ 1
by an if-condition.
A further ad hoc fix for a type of numerical error that is not related to the integration
scheme has to be used for the response to the ramp and peak-hold protocol (see section 4.3).
There, in rare cases it may happen that the numerical evaluation of equation (4.21) at
some time step does not converge, but gives a large negative value. Due to the nonlinear
dependencies, such a large outlier would completely spoil the rest of the evaluation. I
prevent this by rejecting any force update that would lead to forces smaller that −10f0.
The value of the force response for this time step is then set to the value of the previous
time step. This solely leads to a small kink in the curve, and has hardly any influence on
the later response. Using the prestressing force as force scale makes sense for not too small
prestressing force, because the stiffness and therefore the amplitude of the force response
increases with the prestressing force (recall that in our parametrization, the prestressing
force does not affect the bond fraction, see section 3.2). For very small or zero prestressing
force, the cutoff will be to close to zero and cut off parts of the actual response. However,
this does not imply a danger of misinterpretations, because these artifacts can easily be
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distinguished from “proper” responses. In the case that one encounters such an artifact,
one simply has to adjust the cutoff value.
4.4.2 Increasing efficiency: parallel kernels
Even though the critical functions are implemented in C/C++, the evaluation of, e.g.,
the response to a large Gaussian displacement pulse can take about 10 minutes on a
usual workstation (64 bit Intel R© Core Duo R© T7500 @ 2.20 GHz, 3956 GiB RAM, Linux
2.6.35). For various applications, it is necessary to run several evaluations in order to scan
a certain region of the parameter space. An example is the numerical determination of
the rate dependence of the peak force. There, 20 evaluations with various rates were run.
From the results, the peak force was extracted automatically. Doing this evaluation in the
“usual” serial way would have taken several hours.
Fortunately, starting with version 7.0, Mathematica R© has the capability of using
parallel kernels. For example, it is possible to connect via SSH to a remote machine (a
server with 8 64 bit Intel R© Xeon R© L5420 cores @ 2.5 GHz and 16 GiB RAM, Linux 2.6.26
for the present work) and use as many remote kernels as “slaves” for the local master kernel
as the remote hardware and the licenses allow for.
A drawback of utilizing parallel remote kernels is the speed of communication. Par-
ticularly via the SSH connection, a call from the master to a slave kernel takes very long
(fractions of a second). This has to be taken into account for programming. Consider
the scenario that the program is designed such that only very short tasks are given to the
remote kernel. The remote kernel then performs the task and reports the results back to
the master, and waits for new orders from the master. Obviously, this scenario is very
inefficient if the time needed for communication exceeds the actual computation time.
To minimize the amount of communication events between the kernels, I implemented
large computational blocks which do not require additional input from each other, and
evaluated these block using the ParallelTable[] call. The code of the C++ program
containing the numerical integration procedure was automatically synced with and com-
piled on the servers by a command in the makefile. Therefore, parallel kernels could
also profit from the speed-up due to the C++ implementation, where each parallel kernel
started its own instance of the program.
4.5 Chapter summary
In this chapter I presented an integrated approach to most efficiently evaluate the nonlinear
coupled implicit integral and differential equations (3.4), (4.12), and (4.23). I analytically
simplified the mathematical expressions as far as possible, where the explicit form of the
stimulus protocol was taken into account. The resulting expressions were implemented in
quickly-evaluating C code, which in turn was embedded in a C++ program. Using the
MathLink framework, these functions were made accessible as functions in the high-level
programming language Mathematica R©. For a further increase in speed, parallel and
remote computing techniques were applied.
Chapter 5
Conclusions and outlook
The subject of this thesis were the mechanical properties of transiently crosslinked biopoly-
mers. In particular, I analyzed the effect of breaking and reforming weak bonds for the
inelastic and plastic mechanics of networks and cells. My integrated approach unifies
experimental work, analytical calculations, and numerics.
Performing nonlinear experiments on in vitro reconstituted actin/HMM networks, I
demonstrated that the fludization response, which is abundant in cells, can similarly be
found in inanimate crosslinked biopolymer networks. Following a nonlinear strain pulse,
I established a significant decrease in the stiffness and an increase in the loss angle. The
effect was shown to depend on the stimulus amplitude. The fluidization was followed
by a slow recovery. The similarity between fluidization in actin/HMM networks and cell
fluidization suggests common (or at least very generic) underlying physical mechanisms.
I further studied the nonlinear response of actin/HMM networks by applying nonlinear
oscillations. I demonstrated a rich phenomenology, including stress stiffening, softening,
and shake-down. Parallels between shake-down and relaxation time scales suggest a rela-
tion between the two effects.
I rationalized my experimental findings in terms of a conceptually very simple mean-
field model. The underlying physical picture is that of a test polymer that fluctuates
against a backgound network. The test polymer can form bonds with the background at
average distances Le along its contour. The linear equilibrium dynamics of this model has
previously been described by the (equilibrium) Gwlc model. The new task was to extend
the model to non-equilibrium conditions and to thoroughly analyze its predictions for the
nonlinear rheology. To this end, the fraction ν(t) of closed bonds between the polymers is
allowed to evolve in response to the force history, which then feeds back on the network
elasticity that depends on the average inter-bond distance. This is what I call the inelastic
Gwlc model.
Intriguingly, the nonlinear coupling of viscoelastic equilibrium Gwlc and inelastic
bond breaking produces a rich, nontrivial phenomenology that is not expected from the
construction of the model. Therefore, the inelastic Gwlc demonstrates how the combi-
nation of two basic phenomenological schemes can produce new insights far beyond the
scope of the constituents.
Studying the linear and weakly nonlinear response of the inelastic Gwlc, I found
that the model predicts non-Maxwellian absorption patterns, featuring a peak in the loss
modulus and a shoulder in the storage modulus. Similar patterns have previously been
observed in experiments on transiently crosslinked actin networks.
Even more interesting effects arise upon entering the fully nonlinear regime. As an
efficient way to visualize the rich model predictions, I devised a graphical summary in
89
90 CHAPTER 5. CONCLUSIONS AND OUTLOOK
a reduced parameter space. This reduced parameter space is spanned by the stimulus’
amplitude and rate of change, and by the binging energy U released by bond breaking
(or, equivalently, the equilibrium fraction of closed bonds in the absence of a stimulus).
These three quantities largely govern the transition between the various nonlinear regimes.
Fluidization dominates at high rates and amplitudes, because it is a dynamic effect. If
the stimulus is much faster than the bond response, a strong viscoelastic force can build
up before the bond fraction reacts. Once it finally reacts, the force is so strong that
suddenly a large amount of bonds break, causing pronounced fluidization. The recovery
is then a signature of the bond network slowly approaching its equilibrium state. For low
but nonzero deformation rates, the abrupt character of the yielding disappears. Instead,
the rate of change of the bond fraction adapts to the stimulus, and a signature akin to
kinematic hardening develops in the stress strain curves. Interestingly, even if the stimulus
is slow enough that the bond fraction can easily adapt, I found stress stiffening in a broad
parameter regime. All of the above effects are caused by the intricate nonlinear interaction
between viscoelastic stiffening and bond softening. Higher values of U in general lead to
a stiffer material and to more pronounce high-rate effects such as fluidization.
Finally, I put forward two extensions of the original model. First, I discussed the
effect of catch bonds on the phenomenology. I identified regimes where the presence of
catch bonds would lead to drastic and noticeable changes, whereas in other regimes, the
difference is marginal. Second, I proposed a way to incorporate truly plastic flow into
the model, as opposed to the more restricted reversible inelastic response discussed in
most of this treatise. Moreover, I proposed a possibility how also for the proper plastic
deformations, kinematic hardening could be realized.
The predictions of the model are in close agreement with the results of the actin/HMM
experiments. Moreover, all of the nonlinear phenomena predicted by the model have
been observed in experiments on cells. This suggests that the simple physical mechanism
proposed here is indeed able to rationalize a large part of the mechanical response of
cells. The model can be used to comprehend how apparently contradictory mechanical
nonlinearities such as stress stiffening an fluidzation can be exhibited by one and the
same cell type, because they arise from a common physical mechanism. On this basis, a
better understanding of how the cell can adapt its mechanical properties according to the
demands of its environment seems to be in reach.
The work presented in this thesis can be the starting point for several promising follow-
up projects. First, one can take the step to introduce a spatial resolution. Because of its
character as a mean-field model, spatial coordinates are not defined in the inelastic Gwlc.
Nevertheless, positional information can be introduced by using a finite-element approach.
This would result in a computational model where small homogeneous volume elements,
each being described by the material properties of the inelastic Gwlc, are mechanically
coupled to each other. In this approach, inhomogeneities can easily be introduced by
the choice of boundary conditions or an inhomogeneous distribution of model parameters
among the finite elements. Using the finite element model, one can tackle a whole spectrum
of intriguing problems, ranging from monitoring the propagation of fluidization or stiffening
through a single cell or cell compartment, to the detailed modeling of tissue mechanics.
A further direction for future projects is to render the model more realistic. In its
current state, many processes are modeled with as simple a mathematical description as
possible. Therefore, even though the model can give reliable qualitative predictions, a
quantiatitve agreement with experiments is not expected. By introducing more sophisti-
cated models for the sub-processes involved, quantitative predictability can be established.
A promising candidate, for example, is the bond kinetics. Currently, the bonds are treated
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using the classical Kramers approach. This means that the monomers undergoing binding
and unbinding are effectively treated as Brownian particles. It has recently been demon-
strated by Jakob Bullerjahn in his Diplom thesis that the Brownian assumption is only
justified on long time scales, but that on short time scales, the internal modes of the poly-
mer give rise to subdiffusive dynamics of the bound monomer. Therefore, at short times,
the transition rates have to be treated in the framework of fractional dynamics. Even
though it is not expected that fractional bond kinetics will lead to different qualitative
predictions for the inelastic Gwlc, it could have an influence on the functional form of
the recovery curves.
Finally, it seems promising to localize the various cell types in the dynamic “phase
diagrams” of nonlinear responses under their respective physiological conditions. For ex-
ample, I expect airway smooth muscle cells during a deep inspiration to be in the inelastic
yielding regime. For small breaths, in contrast, one would rather expect a viscoelastic
response. One could use the inelastic Gwlc to model the transition from one case to the
other. A related problem would be to parametrize the trajectory of a white blood cell in
the reduced parameter space during its adhesion to a surface.
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Appendix
A.1 Overview of the experimental data sets
R cA/(mg/ml) T/
◦C # 10% # 20% # 30%
∑
0 0.4 21 2 0 0 2
0.01 0.4 21 1 2 2 5
0.02 0.4 21 1 2 2 5
0.03 0.4 21 2 2 2 6
0.04 0.4 21 2 2 2 6
0.05 0.4 15 2 2 2 6
0.05 0.4 21 8 8 8 24
0.05 0.4 30 2 2 2 6
0.05 0.8 21 1 2 2 5
0.1 0.4 21 2 2 0 4
0.2 0.4 21 2 2 2 6∑
25 26 24 75
Table A.1: Number of datasets (#) for 10%, 20%, and 30% strain for various parameter
constellations.
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A.2 Asymptotic slopes of unprocessed experimental relax-
ation curves
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Figure A.1: Histogram of asymptotic slopes of the experimentally measured storage modulus
G′ following a stretch, obtained as described in section 2.3.1.
A.3 Peak position in the weakly nonlinear response of the
inelastic GWLC
Derivation
Using the abbreviations x = ω/(1+eU )k, h(x) = α′′nl,bonds, b = ((∆xb+∆xu)/(4 cosh
2(U/2))·
fˆ/ν0)
2, and d = pi/2 tan(δ), equation (3.29) becomes
h(x) =
3bd
4
(
x
1 + x2
)2
+
b
2
x
(1 + x2)2
+
bd
4
1
(1 + x2)2
. (A.1)
The peak position x∗ is determined by the condition
d
dx
h(x)
∣∣∣∣
x=x∗
= 0. (A.2)
After some simple algebra, equations (A.1) and (A.2) yield the condition
x∗3 +
x∗2
d
− 1
3
x∗ − 1
3d
= 0. (A.3)
For d > 0, this equation has only one positive real solution, x∗ = 1/
√
3. Noting that
x∗ = ω∗/(1 + eU )k, we obtain equation (3.30) for the frequency of the peak.
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Independence of the peak position of the driving amplitude
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Figure A.2: Frequency ω∗ of the absorption peak in dependence on the relative binding
affinity eU . Numerical evaluations of the inelastic power-law fluid for various values of eU and
fˆ∆xb = 0.012 (circles), 0.12 (squares), and 0.18 (triangles) compared to equations (17) (solid
lines) and (18) (dashed lines) in the main text.
A.4 Theoretical parameter values
In this appendix, we define the two standard parameter sets used to illustrate the phe-
nomenology of the inelastic Gwlc model. On the first glance, the parameter space is
large. There are the Wlc parameters (ζ⊥ and κ, see section 1.2.3), the parameters of the
bond kinetics (τ0, E , U , ∆xu, ∆xb, see section 3.2), the prestressing force f0 and the min-
imum distance Λ0 between two bonds. If catch bonds are considered, there are two more
parameters to prescribe the magnitude and force dependence of the additional “catch”
rate (see section 3.5.2). The energy scale kBT is set to one, therefore the temperature is
not a free parameter in this study.
We can further narrow the parameter space by fixing values for the Wlc parameters,
which are not of major interest, here. Common for all parameter sets, we choose values
of lp = 10 and ζ⊥ = 0.07. This choice is not completely arbitrary, as it is consistent
with common literature values for actin (Alberts et al., 2002) if length is measured in µm
and time is measured in s. We further fix Λ0 = 1.62, which is consistent with the above
convention if we identify Λ0 with the entanglement length Le.
We can further use a consistency requirement to fix the width ∆xu of the unbound
state. Because the confinement of the unbound state is imagined to arise from the tube-
like confinement of the surrounding network, we demand that the width of the unbound
state is set by the equilibrium fluctuations of a Gwlc. A natural choice is
∆xu =
√
MSDGwlc(t = τLe), (A.4)
where MSDGwlc(t = τLe) is the value of the mean-square displacement of an equilibrium
Gwlc at the entanglement time scale τLe . By condition (A.4), ∆xu is fixed by the other
parameters.
Two more parameters can be fixed. The width ∆xb of the bound state is assumed to
be much smaller than ∆xu. We coherently used ∆xb = 0.005. The exact numerical value
of ∆xb does not have a pronounced influence on the outcome, as long as the condition
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∆xb  ∆xu is fulfilled. The value of τ0 is arbitrarily set to 0.016. It can be chosen at will.
Changing the value of τ0 will only renormalize the values of E and U .
stiff soft
E 14.6 12.2
U 8.6 −0.3
f0 0.48 0.16
∆xu 0.53 0.067
Table A.2: Stiff and soft parameter sets. The value of ∆xu is fixed by the other parameters.
We are thus left with three free parameters, the barrier height E of the bound state,
the energy difference U between bound and unbound state, and the prestressing force f0.
For the examples, we chose two parameter sets that behave markedly different. The first
“stiff” parameter set has high value of E , U and f0 (table A.2). This leads to a high
steady-state stiffness and a slow bond breaking. For the second “soft” parameter set,
equilibrium on- and off rates are nearly equal (U is close to zero) and the polymers are
much less prestressed.
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Glossary
Catch-slip bonds initially become stronger (the dissociation rate is reduced) with in-
creasing force. At a critical force, the force-dependence is reversed, leading to slip-
bond behavior.
Creep is the long-time response of a material to a constant force. In contrast to plastic
yielding, there is no characteristic threshold force for the creep response.
Elastic bodies exhibit no dissipation, they possess a unique relation between force and
displacement.
Flow rule denotes the equation governing the rate of plastic flow.
Fluidization refers to a decrease in the elastic modulus and an increase in the relative
importance of dissipative contributions with respect to elastic contributions in the
linear response.
Inelastic yielding is characterized by a sudden, drastic softening caused by an abrupt,
force-induced decrease in the mean fraction of closed bonds. In force-displacement
curves, the sudden softening manifests itself by a pronounced peak.
Irreversible plastic materials possess a permanent memory. A true plastic deformation
will not regress in the absence of a stimulus.
Kinematic hardening denotes the change of the plastic rest force with the plastic de-
formation rate. Common signatures are near-linear force-displacement curves.
Overstress in a plastic material is the difference between the actual force and the rest
force. It drives the plastic deformation.
Passive remodeling refers to the force-induced change in the fraction of closed bonds,
which can be interpreted as a structural change of the polymer network. The term
passive distinguishes this “physical” form of remodeling from the “biological” re-
modeling, where the cell actively rebuilds its cytoskeleton and which is driven by
chemical energy.
Quasi-plastic means, loosely speaking, a material behavior that resembles plasticity in
some respects, but not in all. Here, it refers to the fact that the inelastic Gwlc
predicts force-displacement curves that display plastic features such as kinematic
hardening, even though the underlying effect is softening and not plastic flow. The
term quasi-plastic can also have more specific meanings in the literature, but in this
thesis, it is only used in the wider sense.
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Quasistatic regime in the context of this work refers to deformations that are asymp-
totically slow, so that the mean fraction of closed bonds can be considered as equi-
librated under the current force at any instance of time.
Reinforcement refers to an increase in cell prestress and cell stiffness by active “biolog-
ical” remodelling, triggered by biochemical signaling.
Rest force in a plastic material denotes the force where the plastic deformation rate
vanishes, i.e. where no plastic deformations appear.
Reversible inelastic materials exhibit effects which are beyond the usual viscoelastic
phenomenology (here particularly structural changes such as bond breaking), but
which are exclusively governed by state variables having a unique reference or equi-
librium state to which they relax in the absence of stimulus. Thus, the materials do
not possess permanent memory.
Shake-down describes the change of the force-displacement curves during periodic load-
ing. In general, the maximum force decreases from cycle to cycle, indicating a struc-
tural change (e.g. fluidization) that is not reversible on the time scale prescribed by
the periodic loading.
Slip bonds become weaker (the dissociation rate is raised) with increasing force.
Stiffening means that the force needed to elastically deform a body by a certain amount
increases. The opposite of softening.
Viscoelastic bodies exhibit dissipation in addition to elastic behavior. In this thesis,
“viscoelastic” usually refers to behavior that can be understood in terms of coupled
elastic and “friction” elements. Classical examples are elastic manifolds with viscous
damping (e.g. the Maxwell- or the Kelvin-Voigt model). For cell mechanics, the class
of viscoelastic models where elastic and viscous contribution originate from the same
structure (“structural damping”), resulting in a well-defined relation between elastic
and dissipative contributions, are more relevant. A prominent example is the Wlc.
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Referat:
I use an integrated approach of experiments, theory, and numerical evaluations to show
that stiffening and softening/fluidization are natural consequences of the assumption that
the cytoskeleton is mechanically essentially equivalent to a transiently crosslinked biopoly-
mer network. I perform experiments on in vitro reconstituted actin/HMM networks and
show that already these simple, inanimate systems display fludization and shake-down,
but at the same time stress stiffening. Based on the well-established Wlc theory, I then
develop a semi-phenomenological mean-field model of a transiently crosslinked biopolymer
network, which I call the inelastic glassy wormlike chain (inelastic Gwlc). At the heart
of the model is the nonlinear interplay between viscoelastic single-polymer stiffening and
inelastic softening by bond breaking. The model predictions are in good agreement with
the actin/HMM experiments. Despite of its simplicity, the inelastic Gwlc model displays
a rich phenomenology. It reproduces the hallmarks of the mechanics of adherent cells
such as power-law rheology, stress and strain stiffening, kinematic hardening, shake-down,
fludization, and recovery. The model also may also be able to provide considerable theo-
retical insights into the underlying physics. For example, using the inelastic Gwlc model,
I am able to resolve the apparent paradox between cell softening and stiffening in terms
of a parameter-dependent competition of antagonistic nonlinear microscopic mechanisms.
I further shed light on the mechanism responsible for fluidization. I identify pertinent
parameters characterizing the microstructure and give criteria for the relevance of various
effects, including the effect of catch-bonds on the network response. Finally, a way to
incorporate irreversible plastic flow is proposed.
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